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THE RATE OP ENERGY LOSS OF HIGH ENERGY MUONS. 
lay 
N.S.Palmery B.Sc. 
Thesis submitted for the degree of M.Sc. i n the 
University of Durham. 
Abstract. 
A survey i s made of experimental measurements of the 
underground cosmic ray muon intensity, appropriate corrections 
iDeing made where necessary to provide a relialale estimate of 
the v a r i a t i o n of intensity with depth. 
An experiment has "been carried out using the Durham 
spectrograph to ohtain the effect of hias, due to accompanied 
p a r t i c l e s , which was present i n the published sea l e v e l spectrum 
of muons. These, and other experimental data, are used to 
derive a sea l e v e l spectrum up to 10,000 GeV. 
The ef f e c t of fluctuations i n energy loss on the underground 
I n t e n s i t i e s i s considered and shown to Tae important at depths 
greater than 1,000 metres water equivalent. 
The rate of energy loss of rauons i s then derived and i s 
found to "be well represented by the equation 
-dE = 1.88 + 0.0766 I n + hE MeV g"' cm* 
dx mc*-
where b takes a value (3.15 + 0.3) x 10*" g"' cm*". The theoretical 
- t -I 2. 
value of "b i s derived and found to he 4,0 x 10 g cm . The 
disagreement i s thought to he due to an underestimate of the 
muon int e n s i t y at high energies, where the possible effect of 
kaons has heen neglected. 
F i n a l l y , a revised version of the sea l e v e l spectr\im of 
rauons i s derived covering the range 10 - 10,000 GeV. 
Preface, 
This thesis descrihes work carried out hy the author i n 
the Physics Department of the (then) Durham Colleges i n the 
University of Durham under the supervision of Dr. A. W. Wolfendale, 
The author was responsihle for the solution of the 
fluctuation prohlem and the analysis leading to the conclusions 
regarding the energy lo s s of the muon and the sea l e v e l spectrum. 
The apparatus necessary for the experimental work was prepared 
i n conjunction with h i s colleagues, hut the collection of data 
for the "bias experiment was carried out solely "by the author. 
Part of the work has heen puhlished i n papers to the 
Physical Society and the Royal Society: 
Hayman, P.J., Palmer, N.S. and Wolfendale, A.W., 1962, Proc. 
Phys. S o c , 80, 800. 
Hayman, P.J., Palmer, N.S. and Wolfendale, A.W., 1963, Proc. 
Roy. S o c , 275, 391. 
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Chanter 1. Introduction, 
The primary cosmic radiation of high energy incident upon 
the upper layers of the earth's atmosphere consists mainly 
(^ 8^8?^ ) of protons, the remainder "being made up of o^-particles 
and heavier nuclei. The oC-partides and heavy nuclei are 
rapidly removed lay fragmentation, while the main removal 
process for the protons i s that of nuclear interaction. By 
th i s process ahout 75% of the protons interact i n the f i r s t 
100 g cm"^ of the atmosphere, mainly producing charged and 
uncharged pions with smaller numbers of heavier p a r t i c l e s . 
The neutral pions decay into gamma rays which i n turn i n i t i a t e 
electron - gamma ray cascades. I f s u f f i c i e n t energy i s 
available the cascades and their products may reach sea l e v e l 
where they are generally known as extensive a i r showers. The 
charged pions either interact with a i r nuclei, producing 
further pions, or decay into muons which, having a r e l a t i v e l y 
small interaction with matter, may reach sea l e v e l and penetrate 
underground. 
At sea l e v e l the f l u x of p a r t i c l e s i s made up of about 
70% muons and about 50% electrons, the proton component having 
diminished to about 1%. The present work i s concerned mainly 
with the rauon component at sea l e v e l and underground, and i n 
part i c u l a r with the energy loss of these p a r t i c l e s . 
Due to the very small interaction rate of the rauon, direct 
measurements of i t s energy loss i s d i f f i c u l t and indirect methods 
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have to "be used. The usual procedure i s to correlate measurements 
of the underground in t e n s i t y with the energy spectrum at sea 
l e v e l . Such treatments have been carried out by a nximber of 
workers, notably Barrett et a l , (1952), George (1952), 
Pine et a l , (1959), Ashton (1961) and Ozaki (1962). The method 
has, however, given varying r e s u l t s due to the inaccuracy i n 
the sea l e v e l and \xnderground intensity measurements, together 
with the lack of information about the effect of fluctuations on 
the energy loss of the muon. An analysis has been carried out 
i n the present work using more recent experimental data and an 
attempt has been made to reduce some of the errors present i n 
such an analysis. 
The most recent measurements of sea l e v e l muon in t e n s i t i e s 
have been carried out by Hayman and Wolfendale (1962) and 
Duthie et a l , (1962), together covering the range 0.4-10,000 GeV. 
I n the lower energy region a bias i s present due to the rejection 
of accompanied p a r t i c l e s and an escperiment has been carried out 
to obtain an estimate of the effect. 
The work of Miyake et a l . (1962) has recently extended 
the depth-intensity curve to a depth of 8,000 m.w.e. and their 
r e s u l t s , together with previous data, have been used to derive 
a best estimate of t h i s r e l a t i o n . 
The e f f e c t of fluctuations i n energy lo s s has been 
investigated by Bollinger (1951), Zatsepin and Ku2anin (1962), 
Mando and Sona (1953) and Ramanaraurthy (1962), giving varying 
r e s u l t s . The problem has been attempted i n the present work 
- 2 -
and i t i s found that the effect i s s i g n i f i c a n t . 
F i n a l l y , i n the l i g h t of the various corrections necessary, 
an analysis of the experimental data i s carried out, and a 
value of the energy lo s s parameter i s derived. This i s then 
compared with the theoretical value and an e:q)lanation of the 
discrepancy i s advanced. 
-3-
Chapter 8. Undergro\ind I n t e n s i t i e s . 
8.1 General Considerations. 
Many workers have made measurements of the cosmic ray 
intensity \inderground but the considerable spread i n the 
measured values has le d to a variety of depth-intensity 
r e l a t i o n s being proposed. One of the purposes of the present 
work I s to make a r e l i a b l e estimate of t h i s relation. I t i s 
f i r s t necessary to consider the errors l i k e l y to occur i n the 
measurements. The main sources of error are as follows: 
( i ) Normalisation. 
I n order to make an absolute measurement of intensity both 
the angular acceptance of the apparatus and the zenith angle 
dependance of the intensity have to be fo\ind. I n order to 
avoid the errors which may ar i s e i n the determination of these 
quantities r e l a t i v e measurements of i n t e n s i t i e s may be carried 
out. This i s done by measuring the counting rate of a detector 
at a s e r i e s of depths including a measurement at some f a i r l y 
shallow depth ( i n the region 10-100 m,w.e.). The normalisation 
factor necessary to give agreement between thi s measurement and 
the in t e n s i t y predicted on the basis of a known sea l e v e l 
spectrum and some assiimed energy lo s s i s found. This factor i s 
then applied to the measurements at deeper locations. The energy 
los s corresponding to t h i s depth i s known quite accurately but 
some workers have used different sea l e v e l spectra and 
systematic differences i n the resulting i n t e n s i t i e s have occured, 
- 4 -
( i i ) Local r a d i o - a c t i v i t y . 
Unless special precautions are taken, measurements can be 
invalidated by the contribution to the coimting rate by lo c a l 
radio-active materials. 
( i i i ) Khock-on electrons. 
A s i g n i f i c a n t increase i n the counting rate of an 
underground detector can arise due to rauons producing secondary 
electrons by the knock-on process. In general the electrons 
produced are of low energy and the majority can be f i l t e r e d out 
by the introduction of a small thickness of lead above the 
counting apparatus. 
( i v ) Geometrical ef f e c t s . 
As stated previously, an absolute measurement of intensity 
requires a knowledge of the angular distribution of p a r t i c l e s . 
The accuracy with which t h i s distribution and i t s variation 
with depth underground are known i s a lim i t i n g factor i n such 
a measurement. 
An attempt has been made to select data which are r e l a t i v e l y 
free from the errors described above, appropriate corrections 
being made where they were considered necessary. 
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2 . 2 . Summary of the data used. 
Clav and van Gemert ( 1 9 3 9 ) . 
A measurement of the variation of cosmic ray intensity 
underwater down to a depth of 440 m. was made by Clay, van 
Gemert and Clay ( 1 9 3 9 ) . The same apparatus was subsequently 
operated by Clay and van Gemert underground to a depth of 
620 m. The apparatus consisted of a threefold coincidence 
Geiger counter array, operated with various thicknesses of 
lead shielding. I t was noticed by these workers that absorption 
of cosmic rays i n various substances i s not proportional to their 
densities, as they had expected. Table 2 .1 gives the depth i n 
metres water equivalent (m.w.e.) of rock and the corresponding 
depth i n water at which the same counting rate was obtained. 
Table 2 . 1 . 
Depth (m. ) h. he hs /he h s / 1 . 1 9 
0 10 10 
43 101 85 1.19 85 
102 260 204 1,27 219 
143 370 287 1.29 311 
195 510 427 1.19 427 
255 672 563 
375 992 835 
495 1320 1107 
615 1644 1380 
Key: hs -equivalent depth according to density ( m.w.e.) 
he -corresponding depth i n m.w.e, water. 
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The best value of the r a t i o of these corresponding depths was 
taken to be 1.19 and t h i s factor had been applied to a l l values 
of the depths i n m.w.e. of rock to convert to m.w.e. of water. 
I t has been necessary therefore, to convert the published 
figures of these workers back to m.w.e. of rock by multiplying 
by the factor 1.19. 
Results have been given as obtained using 0, 5, and 10 cm. 
thickness of lead shielding. The data selected as being the 
most r e l i a b l e i s that f|)r 10 cm. of lead, and i s presented in 
table 2.8. 
Table 8.8 
depth i n 
m,w,e, water 
from top of 
atmosphere 
depth i n 
m.w.e, rock 
from top of 
atmosphere 
depth i n v e r t i c a l 
m.w.e, rock rate 
from sea (counts/min) 
l e v e l 
normalised 
intensity 
(cm"*8ec"'st"') 
10 10 0 1.61 X 10*+1.6^ 
85 101 91 7.11 +1.1^ 2,55 X 10'* 
219 260 250 1.14 ±1.1^ 4.08 x: 10'^ 
311 370 360 4,93 X 10"'+4,09S 1.77 X lo'^ 
427 510 500 1,97 X 10"+2,5^ 7,06 X 10"' 
563 678 662 8,02 X 10'±4.7^ 2,88 X lO"** 
1107 1320 1310 1.32 X 10"i3.0?S 4,72 X lO'^ 
The errors shown are published errors. The data have been 
normalised at 91 m,w.e., of rock to 2.55 x lO'* sec''cm"^ st"'. This 
intensity has been arrived at using the spectrum derived i n 
chapter 4, and a range-energy r e l a t i o n of the type described later, 
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The range-energy r e l a t i o n down to t h i s depth i s well established 
and the process i s thus considered v a l i d . 
Ehmert (1937) 
The experiment by Ehmert was to measure the v a r i a t i o n of 
inte n s i t y with depth underwater and was car r i e d out using a 
three-fold geiger telescope with a 5 cm. thickness of lead 
absorber. The r e s u l t s obtained are quoted i n table 2.3. 
Table 2.3 
Depth i n 
m.w.e. water 
from top of 
atmosphere 
Depth i n 
m.w.e. rock 
from top of 
atmosphere 
Depth i n 
m.w.e. rock 
from sea 
l e v e l 
Relative 
v e r t i c a l 
intensity 
Normalised 
i n t e n s i t y 
(sec~'cra*st"*) 
84,9 101 91 0.546 2,55 X l o " ^ 
82.9 98,5 88.5 0.561 
113,0 134,5 124,5 0,324 1.51 X. 10'* 
141.6 168.0 158 0o206 9.61 X 10~* 
184,0 219 209 0,126 5.88 X lO'*" 
223.8 266 256 0,0876 4.09 X lO"* 
245,0 291 281 0,0739 3.45 X 10"*" 
242.9 289 279 0,0746 3.48 X lO"*" 
The depths have been published i n units of m.w.e. of water 
and have been converted to m.w.e. of rock by the factor 1.19 
obtained by Clay and van Gemert. The measurements have been 
normalised as before to 2.55 x 10** sec"' cm~*st^ at 91 m.w.e. 
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Randall and Hazen (1951). 
This experiment was carried out at a depth of 850 m.w.e. of 
rock using coincidences between two trays of geiger counters. I t 
i s not c l e a r from the paper whether the depth stated refers to 
depth from the top of the atmosphere or from sea l e v e l , and i t i s 
assumed to be the l a t t e r . The thickness of lead absorber used 
was 15 cm. The zenith angle distribution near the v e r t i c a l was 
obtained by measuring the counting rate of the apparatus for s i x 
different tray separations. The re s u l t i s thus an absolute 
measurement. The figures given are: 
I = (2.17 + 0.02) X lO"*" sec"' cm"^  st~' 
n = 8.8 + 0.1 
Where n i s the exponent of the angular distribution, 
assuming i t takes the form l(9)=IvCos"'0 , The data obtained has 
since been reanalysed by the same authors (1958) and the l a t e s t 
figures are 
I = (8,10+0.5) X lO'^sec"' cm'* st"' 
n = 8.3 +0.3 
Bollinger (1951), 
This worker has made absolute measurements at depths of 
1500 m.w.e. and 1840 m.w.e. using a four-fold geiger system. The 
values obtained are given i n table 8.4. 
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Table 2.4 
Depth i n 
m.w.e. rock 
below sea 
le v e l 
Intensity 
(sec"' cm"* St"') 
Location I I 1500 3.9 X 10"'' 
Location I 1840 1.91 X lO""* 
By examining the zenith angle distribution obtained at the 
two locations, the i n t e n s i t i e s at greater depths were inferred. 
These figures have been corrected by Hayman (1962) who divided 
the data into two categories. F i r s t l y , the data at effective 
depths l e s s than 3000 m.w.e. were divided by the factor 
F = B+E 
B+EcosG 
Where B = 89,26 GeV, The corrected data are given i n table 2.5. 
Table 2.5 Location I 
Intensity 
(sec"' cm'* s t " 
Counts 
') 
Zenith 
angle 
(deg.) 
Effective 
depth 
(m.w.e.) 
Energy 
(Gev) 
Correction Corrected 
factor, intensity 
p (sec''cm"'st"') 
1.52 X lO*"* 217 16| 1920 780 l.OS 1.48 X 10"^ 
1,23 7L 10''' 176 26 2046 850 1.10 1.12 X 10'^ 
1,14 X 10"'' 162 31| 2162 930 1,17 9,80 X 10"' 
8,60 X 10"* 122 37| 2322 1060 1.25 6,90 X 10"' 
6.88 X 10"* 97.5 42| 2507 . 1200 1,33 5,18 X 10'* 
5.56 X 10'* 79 48^ 2773 1500 1.46 3.82 X 10"' 
(continued 
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Table 2.5 Location I I 
Intensi t y 
(sec"'cin''st"') 
Counts Zenith 
angle 
(deg.) 
Effective 
depth 
(m.w.e.) 
Energy Correction Corrected 
(Gev) factor P intensity 
8.61 X lO"'' 210 20 1597 580 1.06 2.47 X 10'^  
2.11 X 10"'' 169 32| 1784 680 1.17 1.80 X 10"^  
1.57 X 10"' 127 39^ 1945 780 1.28 1.22 X lO'"' 
1.11 X 10'^ 89 45 2119 900 1.36 8,10 X lO'* 
7.45 X 10'* 60 50| 2369 1100 1.52 4.87 X i d * 
4.84 X 10"* 39 55| 2668 1300 1.71 8.84 X 10* 
The data at larger e f f e c t i v e depths were corrected hy Hayman 
f o r two e f f e c t s . The f i r s t correction was to, account f o r the 
enhancement of the high energy part of the spectrum at large 
zenith angles and the second f o r the ef f e c t of scattering i n the 
rock ahove the apparatus. The results are reproduced i n Tahle 2.6. 
Table 2.6 Location I 
Intensity Counts 
(sec"'cra"*st~') 
Zenith 
angle 
(deg.) 
Effective 
depth 
(m.w.e.) 
Correction 
factor 
Scattering Corrected 
correction intensity 
% (sec"'cm*st"') 
3.10 X 10'^ 44 53^ 3094 1.40 -1.0 2.80 X 10"* 
1.44 X 10"® 20,5 59i 3580 1.72 -1.4 8.25 X 10"" 
7,39 X 10'* 10,5 65i 4370 2,35 -1.7 3.09 X 10'' 
3.52 X 10'' 5 70| 5560 2.90 -3.0 1.19 X 10'' 
7.04 X 10"'° 1 77^ 8330 5.05 -6.4 1.28 X 10"" 
(Continued 
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Table 2.6 Location I I 
I n t e n s i t y Counts 
(sec"'cin*st'') 
Zenith 
angle 
(deg.) 
Effective 
depth 
(m.w.e.) 
Correction Scattering Corrected 
factor correction intensity 
% (sec''cm"*st'') 
3.10 X 10"* 25 60i 3020 1.75 -1.4 1.75 X 10"* 
1.73 X 10"® 14 66^ 3760 2.3 -2.0 7.35 X 10"* 
8.67 X 10"' 7 71^ 4730 2,9 -3.3 2.90 X 10"' 
1.24 X 10"* 1 76f 6350 4.15 -5,8 2.83 X 10"'° 
3.52 X 10"'" 0.5 a i l 12300 9.10 -12.1 -
Barrett et a l . (1952) 
These workers used an array of f i v e layers of geiger counters 
with alternate trays crossed. The apparatus was operated under 
f i v e f o l d coincidence w i t h 12" of lead and 1.5" of i r o n as 
absorber. Each counter was hodoscoped and the r e s u l t i n g 
minimum resolution of the angle of the pa r t i c l e s was 7°, An 
absolute determination of the \mderground intensity and the 
angular d i s t r i b u t i o n at a depth of 1574 m.w.e, was made and 
the re s u l t s given ares 
I = (3.25 + 0.05)x lO'"* sec'* cm"* s f ' 
n s 3.06 + 0.10 
A correction of 2% has been applied to these figures to 
account f o r errors due to secondary electrons produced inside 
the apparatus. 
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Avan and Avan (1955), 
These workers exposed nuclear emulsions at three locations 
underground, and calculated the exponent of the zenith angle 
d i s t r i b u t i o n and the v e r t i c a l i n t e n s i t y . The results are: 
Table 2,7 
Depth 
(m.w.e.) 
I (sec"' cm"* St"') n 
300 (3.80 + 0.17) X 10"^ 1.73 + 0.10 
580 (7.30 + 0.40) X 10"** 2.09 + 0.12 
1280 • (8.0 + 0.6) X 10""' 2.63 + 0.22 
I t seems l i k e l y that neglecting to use any screening 
material has caused some inaccuracies i n the above figures. 
The r e s u l t s f o r the v e r t i c a l i n t e n s i t y are probably over-
-estimated due to the contribution from electron secondaries, 
while the values f o r the ex^jonent n are probably too low due 
to the morie isotropic d i s t r i b u t i o n of the electrons. 
- 13 -
Sreekantan et a l . (1952. 1956). 
The apparatus used by these workers was a f o u r - f o l d 
geiger counter telescope arrangement, using 10 cm. of lead 
as absorber. The apparatus was operated at f i v e locations 
giving the following r e s u l t s : 
Table 2.8 
Depth i n 
m.w.e. rock 
from sea 
lev e l 
Intensity 
(1952)^ 
(sec~'cm"*st"') 
Intensity 
(1956) 
(sec"'cm*^st~') 
Normalised 
intensity 
(sec~'cni'st~') 
90 - 3.42 X 10"* 2.60 X 10"* 
371 1.76x10" ± 13.6?S - 1.34 X 10"^ 
465 1.24x10"^ !: 10.5^ - 9,42 X 10"*" 
674 5.55x10"*+ 12.6^ - 4.88 X lO'** 
875 2.37xl0"*± 11.4^ - 1,80 X 10"* 
The values were normalised at 90 m.w.e. to a value of 
8.60 X 10"* sec"' cm'* s f ' as given by the sea level spectrum 
and an assiomed energy loss. 
The values of the depths of the four deeper locations 
had been quoted i n error i n the 1958 paper and have been 
corrected i n the 1956 paper. 
Barton (1961). 
This worker used two trays of geiger counters i n 
coincidence, between which was situated a pla s t i c s c i n t i l l a t i o n 
counter. A hodoscope record of the triggered geiger counters 
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and the pulse height from the s c i n t i l l a t i o n counter was made 
using magnetic tape. The experiment was carried out i n two 
parts. I n the f i r s t part the apparatus was operated at 
3280 m.w.e. with the s c i n t i l l a t i o n counter \mder d i f f e r i n g 
discrimination requirements. The angular di s t r i b u t i o n s f o r 
the two cases were found to be basically d i f f e r e n t and i t was 
reported that one of these was consistent with an isotropic 
d i s t r i b u t i o n . These events were i d e n t i f i e d as being due to 
gamma r a d i a t i o n from the surrounding rock. The results f o r 
the i n t e n s i t y measurement, therefore, are r e l a t i v e l y free from 
spurious events. The resul t s are given i n table 2.9. 
Table 2.9. 
Depth, 
(m.w.e. 
Adjusted depth 
) (m.w.e,) 
Normalised rate Intensity 
(cm'^sec^'sf) 
0 1 7.54 X 10"^ 
1660 1690 (2.95 + 0.4) X 10"* 2.22 x lO^' 
3280 3370 (1,0 + 0,3) X lO"*" 7.54 X 10"' 
5050 5180 <2,2 X 10""^  <1,65 X 10"* 
At the lowest depth no events were observed i n the running 
time of 21 days and the figures are an upper l i m i t to the 
in t e n s i t y at t h i s depth. 
I f depth i n t e n s i t y measurements are correlated with the 
sea l e v e l spectrum to obtain information about the energy loss 
of muons, i t i s obviously most convenient to refer a l l 
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measurements to a material having the same values of Z and A 
(see chapter 5), The energy loss processes of bremsstrahlung 
and pair-production are both proportional to the factor ZVA. 
The value of Z * / A f o r the case of Barton's experiment was 
5.85, and since most of the other data correspond to a value 
5.50, the results of Barton have been adjusted to t h i s figure. 
The choice of whether to correct the values of the depths or 
the i n t e n s i t i e s i s quite a r b i t r a r y ; i n the present work i t 
was decided to correct the depths. 
Miyake et a l . (1962). 
Measurements at the deepest locations so f a r have been 
carried out by these workers. The apparatus used consisted 
2 
of two p l a s t i c s c i n t i l l a t o r s each of area 1.62 m and each 
viewed by two photomultipliers. I n between the s c i n t i l l a t o r s 
was a tray of geiger counters and a layer of lead 5 cm. thick. 
The selection c r i t e r i o n was a f i v e - f o l d coincidence between 
the geigers and each of the four photoraultipliers. The e f f e c t 
of t h i s was to v i r t u a l l y eliminate chance coincidences due to 
noise i n the photomultipliers, which may be s i g n i f i c a n t at 
deep locations where the rate of genuine events i s very low. 
At the two deepest locations, 6380 and 8400 m.w.e., two v i r t u a l l y 
i d e n t i c a l u n i t s were operated. At shallower depths, where 
the f o u r - f o l d chance coincidence rate i s negligible i n 
comparison w i t h the genuine rat e , a single u n i t was operated 
under f o u r - f o l d coincidence requirements. 
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The value of h, the exponent of the angular d i s t r i b u t i o n , 
was calculated using an i t e r a t i v e process assuming a r e l a t i o n 
h = m - 1, where m i s the slope of the logarithmic p l o t of 
int e n s i t y against depth i . e . 
m = - ^ l o g I 
Slog d 
The counting rate as a function of depth was pl o t t e d and 
the slope, m, was found. The r e s u l t i n g value of n was used 
to correct the i n t e n s i t i e s and the process was repeated u n t i l 
s u f f i c i e n t accuracy was obtained. The re s u l t i n g i n t e n s i t i e s 
are thus absolute and do not require normalisation. 
The value of Z^/k f o r the rock above the apparatus was 
6.33, and the depths have been adjusted, i n the same manner 
as described previously, to correspond to a value of 5.50. 
The results of Sreekantan et a l . , which were given e a r l i e r , 
were obtained at the same location as those of Miyake et a l . 
These however, have not been adjusted since the correction 
f o r depths less than 1,000 m.w.e. i s negli g i b l e . The f i n a l 
r e sults are given i n the table. 
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• Table 2.10 
Depth i n 
m.w.e. rock 
from sea 
le v e l 
Adjusted depth 
(m.w.e.) 
n Intensity 
(sec"' cm"*st'') 
806 830 2.3 (2.51 + 0.15) X 10'*^  
1802 1870 3,1 (1.77 + 0.07) X 10"^  
3400 3600 4,5 (1.42 + 0,14) X 10"* 
4270 4530 5,2 (3,24 + 0.35) X 10"* 
6370 6840 6,6 (1,92 + 0.47) X 10""* 
8390 - - < 10"" (no counts recorded) 
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8.3. The Best Estimate of the Depth-intensity Relation. 
The various measurements of underground intensity have 
been p l o t t e d as a function of depth i n figures 8.1 and 8.8. 
The adopted depth-intensity r e l a t i o n has been found by weighting 
each of the i n t e n s i t i e s shown i n the figures according to an 
estimate of i t s r e l i a b i l i t y and taking a weighted mean curve. 
This i s the curve shown i n the figures. The numerical values 
are given i n table 8.11. F i n a l l y , confidence l i m i t s have been 
derived outside of which i t i s considered unlikely (probability 
^10%) that the true r e l a t i o n should l i e ; these l i m i t s are 
shown i n fi g u r e 7.1. 
Table 8.11. 
Depth i n m.w.e. rock Ve r t i c a l intensity 
•» S t - ) below sea l e v e l . (sec" cm" 
100 2,18 X 10-* 
150 1.10 X lo-"* 
200 6.20 X 10"^ 
300 8,70 X 10-' 
500 7,95 X 10'* 
700 3.18 X 10"* 
1000 1.10 X 10-^ 
1500 3.13 X 10-' 
2000 1,16 X 10-' 
3000 2,32 X 10-* 
4000 6,20 X 10"' 
5000 1,87 X 10'' 
6000 5.45 X 10-" 
7000 1,55 X 10-" - 1 9 -
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Chapter 3, The Sea Level Muon Spectrum. 
3,1. The measured spectra. 
3.1.1. The Durham Spectrum. 
The most recent d i r e c t measurement of the sea l e v e l spectnim 
i s that due to Hayman and Wolfendale, 1962, (the "Durham 
spectrum") and covers the range 0.4-1,000 GeV. These data, 
which are shown i n figure 3.1, refer essentially to single 
p a r t i c l e s , i . e . those which traversed the cosmic ray spectrograph 
unaccompanied by secondaries. Since i t i s the t o t a l spectrum 
of muons that i s required, irrespective of whether the muons 
are accompanied or not, an estimate of the selection bias i s 
required. 
An experiment has since been carried out i n an attempt to 
obtain an estimate of t h i s bias using a s l i g h t l y modified 
version of the Durham spectrograph. This experiment i s 
described i n d e t a i l i n Chapter 4. 
3.1.2. The B r i s t o l Spectrum. 
There have been no d i r e c t measurements of the muon spectrum 
much above 1,000 GeV. Instead, i n d i r e c t determinations must 
be made, eith e r from the in t e r a c t i o n rates of the sea l e v e l 
component, or from measurements made on other cosmic ray 
components. The i n t e r a c t i o n studies are t y p i f i e d by the 
measurement of the frequency of electromagnetic bursts at 
sea l e v e l (Krasilnikov, 1968) using ion i s a t i o n chambers. 
However, since i n t h i s type of method assumptions have to be 
made about the correctness of the theoretical expressions f o r 
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the energy loss of muons (mainly bremsstrahung), they cannot be 
used f o r the present purpose. 
An accurate measurement of the spectr\im ot T- rays at high 
a l t i t u d e s has been made by Duthie et a l . (1962), using stacks 
of nuclear emulsion flown by balloon and a i r c r a f t . By assuming 
a model f o r the propagation of cosmic rays through the 
atmosphere and i n p a r t i c u l a r that pions alone are the source of 
muons these workers have calculated the expected spectrum of 
muons a r r i v i n g at sea l e v e l . The predicted i n t e n s i t i e s found 
i n t h i s way are also shown i n figure 3.1 (the " B r i s t o l spectrum"), 
3o2. Derivation of a Composite Spectrum. 
I t i s apparent that i n the overlap region (200-1,000 GeV) 
between the Durham and B r i s t o l spectra a small systematic 
difference exists. This difference i s thought to consist of 
the bias due to the r e j e c t i o n of accompanied particles i n the 
Durham measurement, together with errors l i k e l y to arise through 
the i n d i r e c t nature of the B r i s t o l work. I n the following 
chapter an estimate of the bias i s made and i n section 4.9 
the corrected Durham data are combined w i t h the B r i s t o l results 
to give the composite spectrum adopted f o r the purpose of 
examining the rate of energy loss. 
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Chapter 4. Bias Effects on the Spectrum. 
4.1^ Sources of Bias. 
As mentioned i n the previous chapter, the main source of 
bias i n the Durham measurement of the sea level spectrum was 
due to the r e j e c t i o n of "accompanied" events. 
The electronic selection system used i n the spectrograph 
rejected events i n which two or more geiger counters were 
discharged i n any one layer. The three main types of event 
which were l o s t due to t h i s selection c r i t e r i o n are thus 
( i ) Events i n which an incoming rauon generated a knock-on 
electron, either i n the lead shielding above the spectrograph, 
or i n the flash-tube trays themselves. 
( i i ) Events i n which a muon, forming part of an extensive 
a i r shower, penetrated the spectrograph but was rejected 
because of the presence of accompanying electrons. The removal 
of these electrons due to absorption i n the atmosphere i s less 
marked as the energy increases, and so t h i s bias i s expected 
to increase with energy. 
( i i i ) The rather more infrequent event where two muons were 
s \ i f f i c i e n t l y close together to pass through either part or 
the whole of the spectrograph at the same time. 
I t has unfortunately not been possible to carry out a 
bias experiment with the apparatus used by Hayman and 
Wolfendale under i d e n t i c a l conditions, but a suitable 
correction has been applied to account f o r the modifications 
to the spectrograph and i t i s considered that the application 
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of the res u l t s obtained to the Hayman and Wolfendale spectrum 
i s accompanied by l i t t l e error. The main modification to the 
spectrograph, namely, the introduction of a s o l i d i r o n plug 
into the a i r gap of the magnet, i s discussed i n the subsequent 
section. 
4.2. The Experimental Arrangement. 
4.2.1. The Magnet. 
I n p r i n c i p l e , the spectrograph consists of a magnetic 
f i e l d to cause a defl e c t i o n of incoming charged pa r t i c l e s and 
suitably placed detecting elements f o r the purpose of measuring 
the d e f l e c t i o n . I n the o r i g i n a l spectrograph, as used i n the 
experiment of Hayman and Wolfendale, the magnetic f i e l d was 
produced by an air-gap magnet which produced a f i e l d volume 
of 6.025 X 10* gauss cm. at an ex c i t a t i o n current of 58 amps. 
Due to the extremely weakly-interacting nature of muons 
i t i s possible to use s o l i d magnetized i r o n for the purposes 
of d e f l e c t i o n (Bennett and Nash, 1960, O'Connor and V/olfendale, 
1960). The main advantage of t h i s method i s that by i t s use 
i t i s possible to obtain a much larger volume of uniform high 
i n t e n s i t y f i e l d than i n the air-gap case. For t h i s purpose 
the Durham spectrograph has been modified by the insertion 
of a s o l i d i r o n block of dimensions 45 x 45 x 40 cm., the 
resultant f i e l d volume obtained being 7.2 x 10*^  gauss cm. at 
an e x c i t a t i o n current of 60 amps. The p a r t i c l e c o l l e c t i o n 
rate of. t h i s arrangement i s higher than i n the previous case 
by a fact o r of approximately four. 
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4.2.8. The Detecting Elements. 
I n order to define the t r a j e c t o r i e s of part i c l e s passing 
through the spectrograph, detecting elements are arranged at 
four l e v e l s . Two of these le v e l s , denoted A and B, are located 
above the magnet and two, C and D, "below, (figure 4.1). The 
arrangement i s essentially that descrihed hy Brooke et a l . (1962) 
The detectors at each l e v e l are of two kinds. The i n i t i a l 
detection of par t i c l e s i s carried out lay means of geiger 
counters, 25 i n each of layers A and D, and 9 i n each of B and 
C. The dimensions of the counters are given i n tahle 4.1. 
Tahle 4 .1 . 
Tray Counter length (cm.) 
A 60 
External diameter 3.6 cm. B 25 
Internal diameter 3.4 cm. 
C 25 
D 60 
The counters i n each tray are arranged to "be perpendicular 
to the p a r t i c l e deflection plane with a l a t e r a l separation of 
3,8 cm. iDetween each. I f the geiger counters alone are used 
to define the p a r t i c l e t r a j e c t o r y , the maximxam detectalJle 
momentum (m.d.m.) obtained under these conditions i s 32.0 GeV/c 
at a magnet current of 60 amps, 
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I n order to increase the accxiracy with which the position of 
the t r a j e c t o r y at each l e v e l could he found, further detectors 
capahle of higher s p a t i a l resolution were necessary. This was 
achieved i n the form of trays of neon f l a s h tutes as descrihed by 
Hayman and Wolfendale (1962). The f l a s h tube i s essentially a 
narrow glass tube containing neon at high pressure, and has the 
property of emitting a v i s i b l e f l a s h of l i g h t i f i t i s subjected 
to the application of a high voltage pulse w i t h i n a few micro-
-seconds of the passage of a charged p a r t i c l e through the gas. 
I f the tubes are stacked i n close arrays, they can be photographed 
and the p a r t i c l e p o s i t i o n determined accurately. I n the Durham 
spectrograph eight layers of tubes are used at each le v e l with 
the layers staggered w i t h respect to one another i n order to 
achieve uniform accuracy over the acceptance of the instrument 
(+ 13° from the v e r t i c a l i n the deflection plane and + 6.5° i n 
the perpendicular plane.). The detai l s of the f l a s h tubes are 
reproduced i n table 4,2. 
Table 4.2. 
In t e r n a l diameter 0.59 cm. 
External diameter 0.72 cm. 
Horizontal separation i n a layer 0.80 cm. 
V e r t i c a l separation of the layers 1.15 cm. 
Length, levels A and D 67 cm. 
Length, levels B and C 42 cm. 
Gas pressure 2.3 atmospheres 
Gas content 98% Ne, 2% He, lO'*"^  a i r 
Glass soda (GEO, X8) - 25 -
4.2.5. The Electronic C i r c u i t s . 
The "basic requirement i s that the passage of a pa r t i c l e 
through a l l four geiger counter trays (a four-fold coincidence) 
should cause a high voltage pulse to "be applied to the f l a s h 
tuhe trays as quickly as possible. I t i s also necessary for 
t h i s event to cause illumination of reference "bulbs and clocks, 
winding on of cameras and so on. These aims are achieved "by 
means of su"bsidiary electronic equipment, the majority of 
which have "been descri"bed by Brooke et a l . (1962), Jones 
et a l . (1962) and Hayman and Wolfendale (1962). 
The geiger counter trays are connected to a conventional 
Rossi u n i t , which s e l e c t s four-fold coincidences of trays 
A, B, C and D. The master pulse which i s generated by the 
Rossi unit on the occurrence of these events i s used to trigger 
both the f l a s h tube pulsing unit and the cycling system. 
The pulsing unit, shown i n figure 4.2, delivers 5.4 kV to 
a system of thin aluminium electrodes which are situated 
between the rows of f l a s h tubes. The resulting f i e l d across 
the tubes i s approximately 4.7 kV/cm. 
The cycling system, figure 4.3, comprises a system of 
relays and relaxation c i r c u i t s which, on receipt of a 
triggering pulse, c a r r i e s out the following sequence of 
operations: 
( i ) Causes one channel of the Rossi unit to be earthed so 
preventing the acceptance of p a r t i c l e s during cycling. 
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( i i ) Illuminates reference bulbs on the face of each f l a s h tube 
array, and Illuminates the two clocks, which allow the records 
from each of the two cameras to be correlated, 
( i l i ) Winds on the f i l m i n the cameras, 
( i v ) Removes the "paralysis". 
The spectrograph i s then prepared to detect the next event. 
The whole operation takes only about two seconds, and i t i s 
found that t h i s "dead" time with the counting rate obtained, 
results i n only about 2^ of the events being undetected. 
4.3. Experimental Procedure. 
4.5.1. Preliminary Measurements. 
I n order to define the tra j e c t o r y of a p a r t i c l e , the 
coordinates of the intersection of the p a r t i c l e with each 
measuring l e v e l are found. These are termed a, b, c and d. 
The displacement of the p a r t i c l e i s then given by A = (a + ao) • 
- (b + b o ) - (c + C o ) +(d + d o ) where the quantities ao, b o , 
C o and d o are the distances from a v e r t i c a l axis to the zero of 
the measuring scale on each array. The factor 0.972 which 
appeared i n the equation given by Hayman and Wolfendale has 
been removed since the f l a s h tube arrays have been adjusted so 
that the distances between trays A and B, and C and D are now 
equal. 
The constants of the equation can be collected together so 
that A« = ao - b o - C o + d o and the displacement i s thus 
/\=: a - b - c + d -Ao» 
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A convenient u n i t i n which to measure these quantities i s 
the "tube spacing" or " t , s . " which i s the distance between 
adjacent tubes i n a layer. This u n i t i s equal to 0.8 cm. 
To measTire the displacement, A t of the p a r t i c l e accurately, 
i t i s obviously necessary not only to obtain acc\irate values of 
the co-ordinates a, b, c and d, but also an accurate value f o r 
the constant /So . Two methods are available f o r the 
determination of A« , the f i r s t by dir e c t measurement of the 
quantities ao , b o , c^ and d©, and the second by operation of 
the spectrograph at zero magnetic f i e l d . A measurement of the 
second type was carried out i n which 172 events were measured 
and a frequency d i s t r i b u t i o n of the q.uantity (a - b - c + d) 
plott e d . This i s shown i n figure 4,4. The spread of the 
d i s t r i b u t i o n i s indicative of the large amount of scattering 
which occurs i n the i r o n . This i s a l i m i t i n g factor i n the 
accuracy to which Zi. i s obtained by t h i s method. The mean 
of the d i s t r i b u t i o n gives a value of . The result obtained 
by t h i s method i s 
A» = 61.40 + 0.63 t . s . 
while d i r e c t measurement gave a value 
A« = 60,83 + 0.05 t . s . 
The consistency of these results i s evident. Since the l a t t e r 
value i s more accurate, i t has been used i n the analysis of the 
data. 
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4.5.2. The Collection of Data. 
The c o l l e c t i o n of data was accomplished during August 1963 
when some 4000 useful events were obtained. Some t y p i c a l events 
are shown i n figures 4.5 to 4.10. Following the standard 
practice, frequent reversals of f i e l d were carried out. The 
ex c i t a t i o n current used was 60 amps giving a value f o r the li n e 
i n t e g r a l of the magnetic f i e l d of Jkdz = 7.2 x 10* gauss cm. 
The momentum of a p a r t i c l e can be calculated from the r e l a t i o n 
p = k /a , where k = 300 (AB)jHdz and AB i s the distance between 
measuring levels A and B (Brooke et a l (1962)). 
I n s e r t i n g the appropriate values, the result f o r k i s 
k = 51.20 GeV/c t . s . 
= 40.96 GeV/c cm. 
4.4. Classes of Events. 
The data obtained were allocated to two main categories. 
The majority of events consisted of a single p a r t i c l e passing 
through the spectrograph unaccompanied by secondaries. These 
were c l a s s i f i e d as "single" events. Apart from unusable events 
i.e. those due to chance coincidences or technical f a i l u r e 
(representing a small percentage of the t o t a l ) the remaining 
events consisted of cases where two or more particles v/ere 
detected i n at least one detecting array. These were c l a s s i f i e d 
as "accompanied" events; a detailed description i s given i n 
section 4.1. To these events the c r i t e r i o n was applied of 
whether or not two geiger counters i n one layer v/ould have been 
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triggered i . e . those events automatically rejected i n the 
experiment of Hayraan and Wolfendale. No f i x e d rule could "be applied 
to such a selection since i t depended not only on the proximity 
of the two pa r t i c l e s i n the tray, "but also the angle. I f i t was 
considered that only one counter would have "been triggered, the 
p a r t i c l e was included i n the single category; i f two or more 
counters, i t was included i n the accompanied category. 
Since i n the experiment of Hayman and Wolfendale, the 
par t i c l e s were deflected i n an a i r gap magnet, and i n the present 
case .in a s o l i d i r o n magnet, those accompanied events i n which 
a knock-on electron was created i n the magnet were rejected i n 
the f i r s t instance, i n order that the "bias effect on the Hayman 
and Wolfendale spectrum could be calculated. For the sake of 
completeness these events, have heen included i n a separate 
calculation, giving the e f f e c t of "bias on the present Durham 
spectrograph. 
4.5. The Measuring Techniques. 
4.5.1. The Prelector Method. 
The data were analysed i n the f i r s t instance by projecting 
the f i l m s v i a a system of mirrors on to an approximately f u l l -
-size chart on which the f l a s h tube trays had been drawn. A 
scale on each diagram enabled the co-ordinates a, b, c and d to 
be found using a small cursor to select the trajectory through 
each tray. I n t h i s way the single events were analysed and the 
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accompanied events selected. The analysis of these l a t t e r was 
aided "by the use of scale diagrams of the spectrograph on which 
the various t r a j e c t o r i e s could t e drawn, thus enabling i n most 
cases, the single p a r t i c l e to he found. 
Prom the values of a, h, c, d and /\o , the displacement 
was calculated i n each case.. For values of A 4 3 t . s . the 
"error at the centre", x, was calculated. This i s the apparent 
discrepancy at the centre l i n e of the magnet and i s given hy the 
r e l a t i o n 
X = 0.40 + 1.324 h + 0.318 d - 1.318 c - 0.324 a 
The freq.uency d i s t r i h u t i o n i n x i s given i n figure 4.11. 
The spread of the d i s t r i h u t i o n i s due p a r t l y to the e f f e c t of 
scattering and p a r t l y to errors i n measurement at each l e v e l . 
I f i t i s assumed that the scattering of such high momentxim 
pa r t i c l e s i s small, t h i s d i s t r i l a u t i o n can "be used to f i n d the 
error i n A due to measuring errors. The standard deviation, 
^x, i s found to he 0..268 + 0.020 t.s . Using the appropriate 
equations, the r e l a t i o n "between Sx and the standard deviation 
of the d i s t r i h u t i o n i n A i s 
6Z\= 1.040 Sx = 0.279 + 0.020 t . s . 
The maximum detectahle momentum (m.d.m.) i s defined as the 
momentum corresponding to a deflection equal to the median error 
i n the displacement. This i s calculated to "be 0.188 + 0.014 t . s . , 
corresponding to an m.d.m. of 273 + 20 GeV. 
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4.5.2. The Track Simulator Method. 
For p a r t i c l e s having a displacement ^ 1 t . s . the tracks 
were re-analysed using a "track Simulator". This i s 
essentially as descrihed "by Hayman and Y/olfendale. I t 
consists of a model of a f l a s h tuhe array i n which the 
horizontal dimensions are enlarged hy a factor of ten and 
the v e r t i c a l dimensions "by a factor of three.. Each f l a s h 
tuhe i s thus represented as a s l o t which can he illuminated 
to represent a tuhe which has flashed. A cursor on the 
surface of the device can he set to the angle of the p a r t i c l e 
t r a j e c t o r y , which i s known accurately from the projector 
values of a, h, c and d. The pattern of flashes i s set up 
on the track simulator and the cursor i s set to give a f i t 
w i t h the pattern according to certain estahlished c r i t e r i a . 
The p o s i t i o n of the intersection of the p a r t i c l e t r a j e c t o r y 
w i t h the upper surface of each f l a s h tuhe array i s thus found, 
and a more accxirate value of A i s ohtained. 
The error at the centre, x, f o r these events i s found 
and the frequency d i s t r i h u t i o n p l o t t e d as hefore. This i s 
shown i n fi g u r e 4.12. The m.d.m. f o r the track simulator method 
was calculated i n a simila r manner to the previous section 
and was found to he 403 + 73 GeV. 
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4.6. The Single Parti c l e Spectrum. 
Prom the analysis of the pa r t i c l e s of the single category, 
the frequency d i s t r i b u t i o n N(A ) was obtained. The momentum 
spectrum f o r t h i s type of event was then calculated from the 
expression 
R(p) = N.( A ) A 
TTZT) m i 
where S ( A ) i s the c e l l size i n units of /S and A i s the mean 
displacement of the c e l l . The mean momentum f o r each c e l l was 
calculated from the r e l a t i o n 
P = ( y-1) P; - Pz 
where p, and p^ ^ are the c e l l l i m i t s and IT i s the slope of the 
d i f f e r e n t i a l momentum spectrum over that particular range. 
The resu l t s were normalised by a factor 3.537 x 10'^ at 15.3 
GeV/c to a value 4.35 x 10 ^  as given by the results of Hayman 
and Wolfendale. The figures are given i n table 4.3. A 
comparison of the resu l t s with those of Hayman and Wolfendale 
i s shown i n figure 4.13. The s o l i d l i n e i s that of Hayman and 
Wolfendale and the experimental points are those of the present 
work. The agreement between these results i s clear. 
4.7. The Accompanied Partic l e Spectrum. 
I n an i d e n t i c a l manner to that described i n the previous 
section the spectrum of the accompanied part i c l e s was calculated. 
The re s u l t s are given i n table 4.4. and i n figure 4.14. 
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The i n t e g r a l r a t i o of accompanied pa r t i c l e s to single 
p a r t i c l e s as a function of momentum has heen calculated, i n 
the f i r s t place, as applicahle to the results of Hayman and 
Wolfendale i . e . neglecting accompanied events or i g i n a t i n g i n 
the s o l i d i r o n magnet of the present experiment. The results 
are given i n tahle 4.5 and figure 4.15. 
F i n a l l y , the r a t i o of accompanied to single events as a 
function of momentum including the events i n the magnet i s 
presented. The results are shown i n tahle 4.6 and figure 4.16. 
Tahle 4.3. 
Displacement Mean Events. Relative Normalised Error 
c e l l ( t . s . ) momentum Intensity Intensity 
(GeV/c) (cm-*sec"'s t " 
(GeV/c)-) 
50-100 0.76 314 3.53 X 10*^  1.25 X 10-' 5.65 
20-50 1.69 1029 4.22 X lO"^ 1.49 X 10" 2.75 
10-20. 3.62 727 1.64 X 10"* 5.80 X 10-" 3.7 
5-10 7.06 486 5.45 X 10' 1.93 X 10"" 4.55 
2-5 15.3 300 1.23 X 10* 4,35 X l a ^ 5.8 
1-2 34.6 57 1,28 X 10* 4.53 X lO''' 13,2 
0.5-1 68.4 11 1.24 X 10 4,39 X lO'"" +39 -30 
0,2-0.5 131 10 4.10 1,45 X lO'"" +42 -31 
0-0.2 431 1 5,00 X 10-^  1.77 X 10-' +230 -83 
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Table 4 . 4 . The Accompanied Particle Spectrum. 
Displacement Mean Events Relative Normalised Error 
c e l l (t»s.) momentum in t e n s i t y i n t e n s i t y (%) 
(GeV/c) (cm'*sec"'st"' 
(GeV/c)-) 
5 0 - 1 0 0 0 . . 7 6 1 7 1 . 9 1 X 1 0 ^ 6 * 7 6 X 1 0 - * 
2 0 - 5 0 1 . 6 9 1 0 9 4 , 4 7 X 1 0 * 1 , 5 8 X lo-'* 
1 0 - 2 0 3 . 6 2 1 0 4 2 . 3 4 X lo' 8 . 2 8 X 1 0 " ^ 
5 - 1 0 7 . 0 6 7 7 8 . 6 2 X 1 0 " 3 , 0 5 X 1 0 - ^ 
2 - 5 1 5 . 3 4 7 1 . 9 3 X lo*- 6 , 8 3 X 1 0 - * 
1 - 2 3 4 . 6 8 1 . 8 0 X 1 0 6 , 3 7 X 1 0 - ^ 
0 . 5 - 1 6 8 . 4 4 4 . 5 0 1 . 5 9 X 1 0 - ' 
0 . 2 - 0 . 5 1 3 1 2 8 o 2 0 X 1 0 - 2 . 9 0 X 1 0 - * 
0 - 0 . 2 4 3 1 0 - -
+ 3 0 
- 2 4 
9 o . 6 
9 , 8 
1 1 . 4 
1 4 . 6 
+ 4 8 
- 3 5 
+ 7 8 
- 4 8 
+ 1 3 2 
- 6 4 . 6 
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100 1000 
MOMENTUM (G eye) 
F I G U R E 4-14 
Tahle 4.5, Ratio of Accompanied to Single Events. 
Maximum Minimum Ratio Error 
Displacement momentum ) 
( t , s . ) (GeV/c) 
100 0.51 9,30 + 0,59 
50 1,02 9,96 + 0,65 
20 2.56 10.99 + 0.88 
10 5.12 11.10 + 1.19 
5 10.2 11.87 + 1.87 
2 25.6 12.65 + 5.50 4.17 
1 51.2 13.64 +13.41 - 8.30 
0.5 102.4 - -
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Table 4.6. Ratio of Accompanied to Single Events including 
Events orisin a t i n f f i n the Solid Iron Plug. 
Maximum Minimum" 
Displacement momentxim 
( t . s . ) (GeV/c) 
Ratio Error 
100 0.51 12.54 + 0.69 
50 1.02 13.39 + 0.76 
20 2.56 15.20 + 1.05 
10 5.12 15.95 + 1.46 
5 10.2 16.09 + 2.22 
2 25.6 17.72 + 6.18 - 5.18 
1 51.2 27.3 +17.1 -13.1 
0.5 102.4 18.2 +24.6 -13.7 
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4.8. Derivation of an unhiassed muon spectrum. 
Chapter 3 descrihes the two most recent measurements of the 
sea l e v e l spectrum i n the range 1-10,000 GeV. In order to ohtain 
a r e l i a h l e spectrum from the data i t i s necessary to correct the 
data of Hayman and Wolfendale f o r the ef f e c t of accompanied 
p a r t i c l e s hias. Figure 4.15 gives the ef f e c t of t h i s hias. 
However, the correction to he applied i s smaller than that given 
i n figure 4.15 since the Durham data have heen normalised at 
1 GeV/c to Rossi's d i f f e r e n t i a l value of 2.45 x 10"' cm"* sec"' s f ' 
(GeV/c)"' which refers to a l l p a r t i c l e s . L i t t l e error i s 
introduced i f t h i s i s considered to he equivalent to an integral 
normalisation at 1 GeV/c to 5.70 x 10"' cm"'sec"' sf'. This step 
i s necessary since the value given hy Rossi i s hased on an 
ahsolute measurement of the i n t e g r a l i n t e n s i t y of a l l p a r t i c l e s 
hy Greisen (1942, 1943). The corrected in t e g r a l spectrum 
therefore i s found hy applying the r a t i o given i n figure 4.15 
to the r e s u l t s of Hajrman and Wolfendale and then renormalising 
at 1 GeV/c. The r e s u l t i n g increase i n the spectrum can he seen 
i n f i g u r e 4.17. 
4.9, The Composite Sea Level Spectrum. 
A composite sea le v e l spectrum has heen derived hy 
Hayman et a l . (1963) from the data of Hayman and V/olfendale and 
Duthie et a l . (1962). The re s u l t i n g spectrum i s made up of the 
Durham l i n e helow 30 GeV, the B r i s t o l l i n e ahove 1,000 GeV and 
a smooth curve j o i n i n g up these l i n e s i n the intermediate region, 
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I f the Durham data i s corrected f o r bias as described i n 
the preceding section, the re s u l t i n g composite spectrum w i l l 
be increased i n the low energy region. Figure 4.17 shows the 
r a t i o s of the corrected and uncorrected Durham int e g r a l spectra 
to the composite spectrum as given by Hayman et a l . I t w i l l be 
noticed that the e f f e c t of bias i s not s u f f i c i e n t to explain the 
difference i n the two sets of data i n the region of 300 G€V. 
The f i n a l version of the sea lev e l spectrum has been derived 
from the corrected Durham data below 30 GeV, the best l i n e of 
Hayman et a l . above 100 GeV and a smooth curve jo i n i n g up the 
line s i n between. The values of the re s u l t i n g sea lev e l spectrum 
are given i n table 4.7. 
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Tal3le 4.7. 
Energy (GeV) Intensity (cm' •* sec"' s f ) 
10 7.13 X 10"^ 
15 3.91 X 10-* 
20 2.45 X 10"* 
30 1.21 X 10-* 
50 4.54 X 10-^ 
70 2.31 X 10-^ 
100 1.08 X 10-^ 
150 4.50 X lO-*" 
200 2.40 X 10"^ 
300 9.50 X 10--' 
500 2.70 X 10--' 
700 1.05 X lO"'' 
1000 3.80 X 10'^ 
1500 1.08 X 10-® 
2000 4.10 X 10-' 
3000 1.02 X 10-' 
5000 1.70 X 10-'" 
7000 5.00 X 10-" 
10000 1.43 X 10-" 
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Chapter 5. Muon Energy Loss. 
5.1. The Theoretical Energy Loss Relations. 
The main processes "by which raaons lose energy i n passing 
through matter are as follows: 
( i ) i o n i z a t i o n and ex c i t a t i o n 
( i i ) d i r e c t pair-preduction 
( i i i ) "bremsstrahlung 
( i v ) nuclear i n t e r a c t i o n 
These processes have been sulDjected to a niuriber of 
theo r e t i c a l treatments and analyses, notahly "by Barrett et a l . 
(1952), Camplaell et a l . (1962), Cousins (1960), Cousins and 
Nash (1962), George (1952), Hayman (1962), Hayman et a l . (1963), 
Mando and Ronchi (1952), Rozental and Streltsov (1959) and 
Zatsepin and Kuzmin (1961). Following these workers, a similar 
analysis has "been carried out i n the following sections, where 
each process i s considered i n turn i n an attempt to arrive at 
the most appropriate th e o r e t i c a l energy loss r e l a t i o n . The 
values of the constants f o r rock used i n the calculations are 
Z = 11, A = 22 and f = 2.65 g cm''. 
5.1.1. C o l l i s i o n . 
I n passing through an a"bsorTDer, a rauon can lose energy to 
the atomic electrons of the medium due to the coupling of th e i r 
e l e c t r i c f i e l d s . The electron may Tae raised to an excited 
state, or, i f given s u f f i c i e n t energy, may be completely 
removed from the atom. The method of calculation of the average 
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rate of energy loss f o r t h i s process i s to treat the distant 
c o l l i s i o n s and close c o l l i s i o n s separately. A distant c o l l i s i o n 
i s defined as that which takes place when an amount of energy 
less than some value rj^ i s transferred to the electron; a close 
c o l l i s i o n when the transfer i s greater thani^. The treatment i s 
d i f f e r e n t f o r these two categories hecause a distant c o l l i s i o n 
i s essentially an i n t e r a c t i o n between the muon and the atom as 
a whole, while f o r a close c o l l i s i o n the r e l a t i v e e f f e c t of the 
remaining part of the atom on the struck electron i s so small 
that the i n t e r a c t i o n can he looked on as that "between a muon 
and a free electron. The value taken f o r »L to sat i s f y the ahove 
requirements i s i n the region of 10* to 10*^  eV, 
The d i f f e r e n t i a l cross-section f o r the case of close 
c o l l i s i o n s has been evaluated by Bhabha (1938) and Massey and 
Corben (1939) who arrive at id e n t i c a l expressions. They give 
the p r o b a b i l i t y per g cm"^  f o r rauons of mass m and energy E to 
produce an electron w i t h energy between E' and E' + dE' as 
d) (E,E') dE' = 2nNZ Ve m^G* dE' f 1 - *^E + 1 / E' \ 
' A^' E' * L E,; 2 i E+mc*/^  
where i s the classical electron radius, ra^ the mass of the 
electron, N i s Avogadro's number and E^' i s the maximum 
energy transferrable to the electron. The value of E„' i s 
5.1. 
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given hy Bhahha (1938) as 
E„' - E^  - mc' 
mc* 
2m^ 2m mc*J 5«2 
which reduces to 
= E^ (E + n^*^ y -
2meCV 
= E* (E + 1.093 X 10'')"' MeV 5.3 
f o r E^IO GeV. 
The average rate of energy loss i s found by integration over 
the appropriate range of E', i . e . 
- /dE] = C E' (|) (E,E') dE' 
m E^' - 1 + 1 / E ' Y' 
"a ^ [ E+iiicV . 
= 0o0766 
5.4 
The approximation of taking fi^s l i s v a l i d f o r E ^ l GeV. 
The f i n a l term approaches the value 0.25 at high energies. 
At 100 GeV i t s value i s 0.20 and since t h i s i s the region 
where c o l l i s i o n loss i s most important, l i t t l e error i s 
introduced i n taking t h i s value. The f i n a l r esult i s thus: 
- (^\ = 0.0766 [ i n Ej - O.s] MeV g"' cm*" 
^ For the case of distant c o l l i s i o n s , the minimum energy 
transfer i s taken to be the minimum ex c i t a t i o n of ionisation 
p o t e n t i a l of the atom. This has been determined experimentally 
and the approximate value usually taken is 
I (Z) = 13.5Z eV 
5.5 
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The average rate of energy loss i n t h i s category has been 
derived by Bethe (1930, 1932) to be 
- /dE\ = 2nNZ r-* m^ c* [ I n 2 m^.c^a\ -
ldx;<n Ay8» ^ L (l-/3Vl*U) ' J 5.6 
A correction (the density correction) has to be applied 
to t h i s r e s u l t since i t includes impact parameters of the 
same order as the distance between the atoms of the medium. 
The incoming muon causes polarisation of the surrounding atoms 
which act i n turn to decrease the ef f e c t i v e f i e l d of the meson. 
The reduction i n the rate of energy loss was f i r s t calculated 
by Permi (1939) and l a t e r by Wick (1941, 1943), Halpern and 
Hall (1940, 1948) and Sternheimer (1952, 1953, 1956). The 
reduction i s 
A = 2TTNZ re* mgC* f I n /zN/!> e'h^c* 1 . 
^ A^' L l A n ( l - /3")meC»l'(z)J ~ 5.' 
The ef f e c t i v e rate of energy loss due to distant c o l l i s i o n s 
i s thus 
- fdE\ A - 0 0766 I n f ^fO''^^-^ ldxJ<. - 0.0766 lnL2N^h»c» J 
= 1.94 + 0.0766 I n J l MeV g"'cm* 5.8 
mc^  
The t o t a l rate of energy loss due to c o l l i s i o n i s obtained 
from the addition of equations 5.5 and 5,8.. The re s u l t i s 
= 1.88 + 0.0766 I n E^l - ( i l c mc~ MeV g"' cm* 5.9 
This equation, which i s v a l i d f o r E>10 GeV i s the equation 
used by Barrett et a l . (1958) and Ozaki (1962); similar forms 
have been used by many other workers and i t s v a l i d i t y below 
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about 100 GeV i s not i n doubt. Above 100 GeV, the contribution 
to the enfergy loss by other processes becomes of greater importance. 
I t has been shown by Fermi (1940) and, with more d e t a i l , 
by Schonberg (1951) that the energy loss due to Cerenkov radiation 
i s i m p l i c i t l y included i n the above expression f o r c o l l i s i o n loss 
and so need not be considered further. 
5.1.2. Direct Pair-Production. 
This i s the process whereby a high energy muon loses energy 
by the d i r e c t creation of an electron-positron pair i n the 
nuclear coulomb f i e l d . i . e . with no intermediate K-ray. The 
cross-sections have been derived by a number of workers but no 
general agreement has been reached. The cross-sections usually 
considered are those due to Bhabha (1935) and Racah (1937). The 
cross-sections of Racah have been integrated by Mando and Ronchi 
(1952), giving the r e s u l t 
- /dE\ = N . mc . {oCT. Ve f . E [ 19.3 I n E - 53.7] MeV g"'cm 
Idx/p A m TT L inc' J 
5.10 
This equation has been derived neglecting the screening 
e f f e c t of the atomic electrons. Screening becomes important 
at high energies where pairs can be created at impact parameters 
of the same order as the atomic radius; the effect i s to cause a 
reduction i n the rate of energy loss. 
The cross-sections have been derived by Bhabha f o r both the -
screened and unscreened cases. They have been derived i n separate 
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non-overlapping regions of transferred energy.. These 
cross-sections have been integrated by Hayakawa and Tomonaga (1949) 
using an approximate treatment based on the extrapolation of 
Bhabha's formulae. I n the case neglecting screening, they 
obtain 
- = 8 C re )* N . me Tie I n E_ - me I n E -
VdxJ n A m I L 9 mc*^  m mc* 
- 14 + I n 2 - meln 2] + 14 mc' f I n E ( l - I n 2) + 
9 ra J 9 L mc* 
+ (2 - 2 I n 2 + ln*2 ) ] 5.11 
When screening i s taken i n t o account, the re s u l t i s 
- [dE\ = 8 ("(Zre)* N . j2le /E f i ^ Ina + 1 - me I n 2E ' 1 -
Idxi n A m 1 L 9 
- 14 mc* r a ( l - l n 2 ) I n E + /65 _ o I n 2 + I n 2)-
9 1- amc« ^[28 - 2 I n 2 + i n 2)-
XE - (2 - 2 I n 2 + I h 
where a -^ Z""' 
While t h i s method i s inaccurate, i t i s important since i t can 
be used to obtain an estimate of the screening e f f e c t , which i n 
turn can be used to correct the equation of Mando and Ronchi 
(equation 5.10). The r a t i o of equations 5.11 and 5.12 can be 
approximated to ^ 
- _ screening '_ 16 1 n a + l 16 1nE - 1 4 + ln2 
~ no screening " L ^ j \_ 9 mc 9 
5.13 
These equations are the ones quoted by Mando and Ronchi. 
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The r e s u l t i n g energy loss r e l a t i o n including the ef f e c t of 
screening i s obtained from the product of equations 5.10 and 
5.13 f o r E > 30 GeV and equation 5.10 alone f o r E < 30 GeV. 
The disagreement between the cross sections of Bhabha 
and Racah i s such that the r e s u l t i n g energy loss derived from 
Bhabha's cross section i s approximately a factor two larger 
than that of Racah. The work of Block et a l . (1954) showed 
that Bhabha'8 cross sections could be modified to give 
agreement w i t h those of Racah. These workers also carried 
out experiments i n which they investigated tridents i n nuclear 
emulsions. Their res u l t s were consistent with Racah's cross 
section. 
A l a t e r derivation of the pair-production cross section 
has been carried out by Murota et a l (1954), again giving 
results about a factor two greater than Racah's re s u l t . 
More recent experimental work has been carried out by Roe 
and Ozaki (1959), Gaebler et a l (1961) and Stoker et a l (1961). 
A l l agree i n showing the Murota et a l . cross section to be too 
large by a factor of approximately two. 
Above an energy of about 500 GeV, where the contribution 
from pair-production i s s i g n i f i c a n t , the rate of energy loss 
can be represented quite accurately up to an energy of about 
10,000 GeV by the approximate expression 
- P ^ = 1.6 X lO"*" E MeV g"' cm* 5.14 
.CL X/ p 
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5.1.3. Brems s trahlung. 
Bremsstrahlung i s the radiation emitted when the muon i s 
accelerated i n the coulomb f i e l d of the nucleus. An estimate 
of the cross section f o r t h i s process by electrons was made by 
Bethe and H e i t l e r (1934), both with and without the ef f e c t of 
the screening of atomic electrons. The calculation f o r the 
unscreened case was repeated more rigorously by Christy and 
Kusaka (1941) who obtained. 
t ( E , v ) d v = i | . | . . . . r . ' ( ^ ) ' ( ^ K 
^ f l r ^ / l S 1 - V E ] l ] . ^ 
This r e l a t i o n has been used universally at low rauon energies. 
I t has been shown by Rossi (1952) that screening i s 
important f o r energies above E<,, where 
For the important region of energy transfer, E;,'^ '4,000 Gev. 
For energies below E,, equation 5.15 i s used re s u l t i n g i n a 
rate of energy loss given by 
. - f P ] = 1.80 X 10'' E [ - 0.257 MeV g" cm* 
For energies greater than Eo, Rozental and Streltsov (1959) 
and Bethe and Heitler (1934) give 
5 18 
.. I n ^ m 183Z"'^j + | (1 - v ) j dv - 48 
which gives a rate of energy loss 
- /dE\ = 4o<N Z' re /iHe)* \ In (m 183Z''''\ + 1 ' 
IdxJ A Cm/ L Imc / 18j 5.19 
= 1.76 X 10'^ E MeV g"' cm* 5.20 
Over the energy range 500-10,000 GeV the rate of energy loss 
can be represented by the approximate expression 
- ( ^ \ = 1,70 X 10"** E MeV g"'cm*" 
I d x J . 
5.21 
'8 
5 .1 .4 . Nuclear Interaction. 
The work of George and Evans (1950), was the f i r s t to 
indicate that the muon could lose energy by v i r t u e of i t s 
i n t e r a c t i o n with the nucleus. These workers observed stars 
i n nuclear emulsions which had been exposed f o r 6 to 12 months 
at depths up to 60 m.w.e. underground. I t has been suggested 
by several workers that the i n t e r a c t i o n can be interpreted as 
that between the nucleus and a v i r t u a l photon associated with 
the charge of the muon. The cross section f o r the interaction 
can then be derived from a knowledge of the v i r t u a l photon f l u x 
of the rmon and the i n t e r a c t i o n cross section f o r real photons. 
Unfortunately, neither of these factors i s known with any 
degree of certainty and so u n t i l s u f f i c i e n t experimental 
resul t s become available an accurate estimate of the muon cross 
section i s not possible. 
The o r i g i n a l derivation of the v i r t u a l photon f l u x i s due 
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to Williams-Weizsacker (W.W.), and was used i n the analyses 
of George and Evans, and Marshak (1952). The r e l a t i o n i s 
N (E,v) dv = 2 ^ 1 I n 1 dv 5.22 
TV V V 
where vE i s the photon energy. 
I f i t i s now assumed that the photo-nuclear cross section, 
O'^, i s independent of energy, the average rate of energy loss 
i s 
Idx 
2 NJI. (T^ E 
7T 
= 2.80 X lO" MeV g'' cm* 5.23 
Experimental measurements using re a l photons have been 
made only up to an energy of 1 GeV, where the cross section 
i s found to be of the order of 10'^ *cm Vnucleon. Designating 
<Ty= n.lO cm /nucleon, the rate of energy loss i s 
' ( f x ) ^'^^ • • ^ ^'^^ 
This expression has been used by a ntunber of workers, with 
values of n between one and two. For example, Ozaki (1962) 
has taken n = 2 with the corresponding r e s u l t -dE/dx5.10"^ 
MeV g"' cm*. 
I t has been suggested by Kessler and Kessler (1957) that 
a more accurate r e l a t i o n f o r the V i r t u a l photon f l u x of the 
muon i s 
N (E,v) dv = 2 ^ ^ r(^ - V + V*) I n E ( l - v) - 1 - v" 
TT V L 2 iric' 2 5.25 
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Under the same assumptions concerning as before, the 
re s u l t i n g rate of energy loss i s 
= 2N. c(. a-y . E r 2 I n E - 29l K 
7T L3 Sc* 36j ^'^^ 
= 1,87 n X 10"' E Fin E i oiT MOV rr-' z,™* R W 
—^1 - 1.21 MeV g cm 0.27 
Although the choice between the Kessler - Kessler and 
Williams-Weizsacker treatments i s not clear, recent evidence 
from D a l i t z and Yennie (1957) and Higashi et al . ( 1962 ) seems 
to indicate the l a t t e r . The experiment of Higashi et a l . 
yie l d s a value of (2 .6 + 0 .3) x 10"**cmV nucleon f o r the 
photo-nuclear cross section at photon energies above 5 GeV. 
Assuming that i s independent of energy, the rate of energy 
loss can be obtained by sub s t i t u t i n g the above value i n 
equation 5.24.. This gives 
- ^ = 7.3 X lO"^ E MeV g"'cm* 5.28 
5 .1 .5 . The Total Theoretical Rate of Energy Loss. 
The energy loss r e l a t i o n s given i n the preceding equations 
can be combined to give the t o t a l theoretical rate of energy 
loss.. I n table 5.1 the values of dE/dx f o r the various 
processes as calculated by various workers are given f o r the 
purposes of comparison. I t can be seen that f o r low muon 
energies the dominant processes are ionization and exc i t a t i o n 
but above 1,000 GeV other processes become predominant. The 
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figures given under "present work" are those calculated from 
the accurate expressions quoted i n the previous sections; the 
approximate expressions have been used i n the calculations 
described i n chapters 6 and 7. 
The r e l a t i o n f o r the t o t a l rate of energy loss can be 
w r i t t e n as 
- = 1.88 + 0.0766 I n ^  + b E MeV g'cm* 5.29 
where the f i r s t two terms represent the contribution from 
i o n i z a t i o n and e x c i t a t i o n , which, as pointed out e a r l i e r , are 
not i n doubt, and the f i n a l term contains the contribution 
from the other three processes. I n f a c t , b varies s l i g h t l y 
with energy, as can be seen from table 5,1, but over the 
range of greatest importance (500-10,000 GeV) i n the present 
analysis, the value of b f o r t h i s energy range i s 
b = 4.0 X lO"*" g"'cm*" 
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Table 5.1. 
E 
(GeV) 
10 
Worker Co l l . P.P. Total Brem. Nuc. Fluct Total 
Contin, B + N 
Rozental et a l 2.28 0.03 0.022 10.0059 2.34 
George et a l 2.43 0..016 0.006 (w )0.025 2.48 
Barrett et a l 2.17 0„013 0.015 (W I0..007 2.21 
Ozaki 2.17 0.0075 2.18 COlO (w, 
(K! 
10.005 ( D..015 2.19 
Hayman 2.13 0.009 2.14 0.0076 10.006 ( D.0136 2.15 
Zatsepin et a l mm - — — — 
Campbell et a l 2.19 - - 1 - 2.20 Ramanamurthy 2.17 0.0148 0.0191 (W 0.0028 0.015 2.21 Present work. 2.17 0.0074 2.18 0.0077 (w; )0.0073 2.19 
100 
R 2.45 0.26 0.22 0.089 3.02 
G 2.66 0.16 0.095 0.25 3.17 
B 2.40 0.13 0.15 0.07 2.75 
0 2.40 0.075 2.48 0,105 0.05 0.155 2.63 
H 2.39 0.132 2.52 0.116 0.107 0.223 2.74 
Z 2.8 0.115 0.077 - 2.99 
C 2.38 — - - 2.73 
R 2.40 0.148 0.191 0.028 2.77 
P.W. 2.40 0.132 2.53 0.118 0.073 0.191 2.72 
1,000 
R 2.63 2.4 2.2 1.19 8.42 
G 2.89 1.6 1..3 2.5 8.29 
B 2.58 1.3 1,5 0.7 6.08 
0 2.58 0.75 3.33 1.05 0.5 1.55 4.88 
H 2.61 1.52 4.13 1.58 1.5 3.08 7.21 
Z 2.8 1.195 l.OS - 5.02 
C 2.59 — - - 7.08 
R 2.58 1.48 1.91 0.28 6.25 
P.W. 2.58 1.52 4.10 1.60 0.73 2.33 6.43 
10,000 
R 2.81 22 22 14.9 
G 3.12 16 16.4 25 
B 2.76 13 15 7 
0 2.76 7.5 10.3 10.5 5 15.5 
H 2.72 16.3 19.0 21.3 19.3 40.6 
Z 2.8 12.0 11.1 -
C — - - — 
R 2.76 14.8 19.1 2.8 24.9 P.W. 2.76 16.4 19.2 17.6 7.3 
61.7 
60.5 
37.8 
25.8 
59.6 
25.9 
39.5 
44.1 
* Rozental gives res u l t s f o r both Williams-Weizsacker and Kessler-
-Kessler treatments. The figures given are those f o r the l a t t e r . 
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5.2. Range-Energy Relations, neglecting straggling. 
Using the form f o r the rate of energy loss, i t i s possible 
to calculate the range-energy r e l a t i o n . The mean range of a 
p a r t i c l e of i n i t i a l energy E i s given i n terms of E and dE/dx 
R(E) = R (E^) + I (dE/dx) dx 
where Eo i s the lower l i m i t of a p p l i c a b i l i t y of the energy loss 
r e l a t i o n . I t i s convenient to take E© = 1 GeV where the value 
of R(Eo) has been evaluated from the data of Sternheimer (1959) 
as 545 g cm"\ 
Using various values of the parameter b the corresponding 
function R(E) has been evaluated by ntimerical integration using 
the Pegasus computer at King's College, Newcastle. The results 
of t h i s c a l c u l a t i o n are given i n table 5.2, I t w i l l be seen that 
the range of muons of energy below 1,000 GeV varies only slowly 
with b, but at higher energies the rate of increase of range 
f a l l s r a p i d l y as the energy increases. 
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Ta'ble 5.8. The range-energy r e l a t i o n for various values of la 
Range (m.w.e. rock) 
Energy 
(GeV) 
13=2 o 3 X 10"'' 13=3,0 X 10" l3=4,0 X 10-' 13=5,1 X 10-' 13=6,0 X 10-
100 4,159 X 10* 4,104 X 10' 4,029 X 10' 3,950 X 10* 3.888 X 10* 
SOO 7o.768 X 10* 7,582 X 10* 7,337 X 10' 7,089 X 10* 6.902 X 10* 
300 1.105 X 10^ lo069 X 10' 1.022 X 10' 9.763 X 10* 9.426 X 10* 
500 lo690 X 10' 1.610 X 10' 1,511 X 10' 1,418 X 10' 1.352 X 10' 
700 2.201 X 10' 2.071 X 10' 1,916 X 10' 1,776 X 10' 1.679 X 10' 
1000 2,865 X 10' 2,659 X 10' 2.421 X 10' 2.213 X 10» 2.072 X 10» 
2000 4.537 X 10^ 4.088 X 10' 3.605 X 10' 3.209 X 10* 2,954 X 10' 
3000 5,735 X 10' 5,080 X 10' 4,402 X 10' 3.864 X 10' 3.526 X 10' 
5000 7,439 X 10* 6.462 X l o ' 5,489 X 10' 4 ,.745 X 10' 4*288 X 10' 
7000 8.658 X 10' 7»434 X 10* 6.243 X 10' 5,350 X 10' 4.809 X 10' 
10000 1,001 X 10"* 8,505 X 10' 7.067 X 10' 6*007 X 10' 5.373 X l o ' 
20000 1,279 X 10"* 1.067 X 10* 8.717 X lO' 7»315 X 10* 6.491 X 10' 
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Chapter 6. The Effe c t of Fluctuations i n Range. 
6,1» Approximate Cross-sections. 
Over the appropriate energy range, the approximate prohahilities 
for the four main processes of rauon energy l o s s are as follows 
(a) lonisation (b- (E,v) dv = A dv g"'cm* 
Ev* 
(h) Pair-production 6.p (E,v) dv = B dv 
Ev^ 
( c ) Bremsstrahlung (j)^ (E,v) dv = C dv 
V 
(d) Nuclear interaction ( i ^ (E,v) dv = D I n 1 dv 
V V 
where E i s the rauon energy, v i s the fra c t i o n of energy l o s t per 
g cm"* and A, B, C and D are constants or slowly varying functions 
of E and v.. I t can he seen from the ahove expressions that i n the 
case of the processes of ionisation and pair-production, the 
prohahility of a fr a c t i o n a l transfer v occurring f a l l s much 
more rapidly with increasing v than for the other processes. 
Thus the processes of ionisation and pair-production are 
characterised "by r e l a t i v e l y small transfers of energy, while 
for hremsstrahlung and nuclear interaction there i s a much 
higher probability of the muon losing a large fraction of i t s 
energy i n traversing the same thickness of absorber.. One can, 
therefore, attribute the straggling i n range of muons almost 
e n t i r e l y to the processes of bremsstrahlung and nuclear 
interaction, which can be referred to as "discontinuous" processes. 
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S i m i l a r l y , the processes of ionisation and pair-production are 
categorised as "continuous" processes. 
6.8. The E f f e c t of Fluctuations on Analysis of Underground Data. 
One of the main reasons for making measurements of cosmic 
ray i n t e n s i t i e s underground i s to gain information about their 
rate of energy loss i n passing through large thicknesses of 
absorbing material. The process of analysis i s to assume some 
form for the energy l o s s r e l a t i o n and then to use the measured 
sea l e v e l spectrum to predict the intensity at some chosen 
depth underground. The predicted intensity i s then compared 
with the measured value and the energy lo s s r e l a t i o n i s varied 
u n t i l agreement i s reached. 
In order to predict the intensity at a depth di. underground 
the value Ei, which i s the minimum sea l e v e l energy required for 
a muon to penetrate to a depth d i , i s calculated. This i s 
integrated numerically, as described i n chapter 5, from the 
assumed energy loss r e l a t i o n . The intensity at the depth dL 
i s then 
eo 
I c (dt) = fN(E) dE 
Where N(E) i s the assumed form for the d i f f e r e n t i a l spectrum. 
The assumption made i n these calculations i s that p a r t i c l e s 
with energy greater than E L at sea l e v e l w i l l reach the depth 
dt, and those with energy l e s s than Ei, w i l l come to res t before 
reaching t h i s depth i . e . a "stirvival probability" curve i n the 
form of a step function having the value zero for E<Ei. and 
\inity for E:^Ei.. I f , however, straggling i n range occurs due 
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to p a r t i c l e s losing energy i n a discontinuous manner, the 
survival prohability curve w i l l not he of step-function form 
hut w i l l take the more general form P(E)., I n t h i s case the 
predicted intensity must he calculated from an equation of 
the form 
(dL) = [ N(E)P(E) dE 
J E rtli'il. 
Where E„,w i s the minimum energy l o s t , due to continuous 
processes only, of a p a r t i c l e which ju s t survives to the depth d i . 
I n general, d i f f e r i n g values w i l l be obtained by the two 
methods. One can define R(d) as the r a t i o , referred to some 
depth d, of the intensity predicted when fluctuations i n energy 
los s are considered to that predicted when the simple range-
energy r e l a t i o n i s used i . e . R(d) = I ^ ( d ) / l c ( d ) . The value 
of R(d) at some pa r t i c u l a r depth w i l l depend on two parameters. 
These are the shape of the s\irvival probability curve associated 
with that depth, and the slope of the sea l e v e l spectrum i n the 
energy region of maximum contribution to the underground intensity. 
I f the slope of the spectrvim i s increased the maximum contribution 
w i l l come from p a r t i c l e s having a lower sea l e v e l energy. Since 
the corresponding intensity of these p a r t i c l e s i s higher the 
value of R(d) w i l l be increased. Conversely, i f the slope of 
the spectrum i s decreased the bias w i l l be towards a higher 
energy and R(d) w i l l decrease. I t i s thus important to calculate 
R(d) not only for different forms of the energy loss r e l a t i o n but 
also for spectra of d i f f e r i n g slopes. 
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6.3 The Monte Carlo Calculation. 
6.5.1. Energy Loss Constants used. 
The rate of energy loss of muons can be represented by 
( i ) for continuous processes 
" ^'^^ * 0..0766 I n Ejj,' +b, E 
m c* 
( i i ) for fluctuating processes 
" i = (t. + ) E 
where the termb,E i s due to pair-production, b^E to bremsstrahlung 
and b j E to nuclear interaction. The values of the constants b, , 
bj and bj are not known accurately and there are some discrepancies 
at the moment i n published values. The uncertainty i n the values 
of these constants can be seen from table 5.1. of chapter 5 which 
presents the values of the energy loss due to the four processes 
as given by various workers. 
Because of th i s uncertainty i t was decided to carry out the 
Monte Carlo calculation for two widely spaced energy loss forms 
which approximately covered the range of variation. The values 
of R(d) for other energy loss relations could then be obtained to 
a good approximation by interpolation. 
The lower energy lo s s taken, referred to as case I , was that 
due to Ozaki (1962) and the upper, case I I , due to Hayman (1962). 
The appropriate values of b,, b^ and bjare given i n table 6,1. 
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In f a c t the energy loss r e l a t i o n due to Hayman gives values of 
b varying slowly with energy. The values chosen for case I I 
give a good f i t (+ Z%) i n the important energy region 
(1,000 - 10,000 GeV) for the depths considered. 
Table 6.1. Energy loss constants used. 
( i n units of 10"g'cm* ) 
\ \ 
(pair-production)(brem) 
^3 
(nuc.) 
b 
tot a l 
Case I 
(Ozaki, 1962) 
0.75 1.05 0.5 2.3 
Case I I 
•(Hayman, 1962) 1.6 1,8 1.7 5.1 
Estimate from the 
present work 
1.6 1.7 0*7 4.0 
6.3.2. Method of Calculation. 
I f the survival probability curves taking into account the 
fluctuating losses can be obtained for a series of depths, then 
the r a t i o R(d) can be obtained as a function of depth for any 
chosen sea l e v e l spectrum. One method of calculating the 
survi v a l probability curves i s to simulate the passage of muons 
through absorbing material i n some mathematical way, applying a 
random process to calculate the fluctuating losses. In t h i s way 
s t a t i s t i c a l samples of p a r t i c l e s can be taken and the required 
probability distributions plotted. I n the past th i s method of 
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solution of t h i s p a r t i c u l a r problem has been unsuitable due to 
the length of time necessary to study enough p a r t i c l e s to 
reduce the s t a t i s t i c a l errors to a reasonable s i z e , but with 
the aid of an electronic computer, t h i s d i f f i c u l t y i s removed. 
The process of the calculation was to divide the absorber 
into a number of elements of thickness, calculating the energy 
loss i n each element, reducing the energy of the p a r t i c l e by 
that amount and then proceeding to the next element. The energy 
loss i n the element was calculated i n two parts. The processes 
of c o l l i s i o n and pair-production were treated as continuous 
processes, since the majority of energy l o s t i n t h i s way i s 
through small f r a c t i o n a l transfers. This was calculated from 
an equation of the form 
- ^ = a + k I n I"' + b, E dx m c " ' 
where E i s the energy of the p a r t i c l e on entering the element 
and the units are arranged to refer to the elemental thickness 
used ( i n the case of t h i s calculation t h i s was 100 m.w.e.).. 
The energy l o s t i n the. element due to the discontinuous 
processes of bremss-trahlTing and nuclear interaction was 
calculated from the basic cross sections. A good approximation 
to the form of t h i s cross section i s 
P(v) dv = b i ' + b a dv g'cm^  
V 
where v i s the f r a c t i o n of energy transferred and P(v) i s the 
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probability of a transfer between v and v+dv taking place i n 
the equivalent thickness of 1 g cm"* . I n order to transfer to 
the unit of thickness used i n the calculation (100 m.w.e.) the 
assiimption i s made that the probability distributions P(v) can 
be combined arithmetically with respect to depth. This 
assumption i s discussed i n the appendix. Taking the assumption 
to be v a l i d 
P'(v) = 10* (b^ + b j ) (100 m.w.e.)"' _ 
where P' (v) i s the same probability referred to a thickness 
of 100 m.w.e. So the transfer v i s given by 
where P' (>v) i s the probability of a transfer greater than v 
occuring. A random f r a c t i o n i s generated i n the computer to 
correspond to P' (>v) and so the discontinuous energy lo s s vE 
i s fOTind. 
I n t h i s way the behavioxir of a particular muon was 
simulated i n passing through large thicknesses of absorber. 
The process was continued \mtil either the p a r t i c l e came to 
re s t or i t reached the maximum depth considered (10,000 m.w.e.). 
I n the i n i t i a l stages of the development of the programme, 
the computer was instructed to print out, at each element of 
depth, the main parameters of the calculation. These were 
the random fraction, the depth, the energy of the p a r t i c l e , 
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and the energy l o s t i n the previous element by both the 
continuous and fluctuating processes. Two of the sets of data 
obtained are reproduced i n tables 6.2 and 6.3. Table 6,2 gives 
an example of a 30,000 GeV muon penetrating to a depth of 
3,300 m,w.e. with the case I I energy lo s s . Table 6.3 gives 
similar information, but for case I energy l o s s . The 
discontinuous nat\zre of the bremsstrahlung and nuclear interaction 
processes i s well i l l u s t r a t e d . 
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Table 6.2. 
Random Depth Energy Continuous Discontinuous 
fr a c t i o n (m.WiC.) (GeV) loss (GeV) loss (GeV) 
0 30000 
0.9942 100 29491 509 0 
0,7879 200 28990 501 0 
0.0309 300 16503 493 11994 
0.0451 400 11659 292 4552 
0.7736 500 11444 215 0 
0.3129 600 11231 211 2 
0.8897 700 11023 208 0 
0.9104 800 10818 205 0 
0.3668 900 10617 201 0 
0.3664 1000 10419 198 0 
0*9775 1100 10225 194 0 
0.4766 1200 10034 191 0 
0.1655 1300 9760 188 86 
0.5432 1400 9576 184 0 
0.9758 1500 9395 181 0 
0.6675 1600 9217 178 0 
0*8337 1700 9042 175 0 
0,7447 1800 8870 172 0 
0,1174 1900 8391 169 310 
0.2459 2000 8222 162 7 
0.1338 2100 7883 159 180 
0.0131 2200 2301 154 5428 
0.2828 2300 2237 63 1 
0.2320 2400 2172 62 3 
0*5979 2500 2111 61 0 
0.7930 2600 2051 60 0 
0,7700 2700 1992 59 0 
0*0546 2800 1514 59 419 
0*0184 2900 567 51 896 
0*6629 3000 532 35 0 
0*0078 3100 73 34 425 
0.5801 3200 48' 25 0 
0.3410 3300 24 24 0 
Table 6.3. 
Random 
fra c t i o n 
Depth 
(m.w.e,) 
0 
Energy 
(GeV) 
30000 
Continuous 
loss (GeV) Discontinuous loss (GeV) 
0.4688 100 29746 254 0 
0.8427 200 29494 252 0 
0,1053 300 29212 250 32 
0,2456 400 28964 248 0 
0,3392 500 28718 246 0 
0,7288 600 28474 244 0 
0,5402 700 28231 243 0 
0.6480 800 27991 240 0 
0.5277 900 27753 238 0 
0.3740 1000 27517 236 0 
0.4326 1100 27282 235 0 
0.0544 1200 26245 233 804 
0.5259 1300 26020 225 0 
0.6686 1400 25797 223 0 
0,5715 1500 25575 222 0 
0.9241 1600 25355 220 0 
0.0336 1700 22257 . 218 2880 
0.0015 1800 1846 195 20216 
0.2713 1900 1805 41 0 
0.7360 2000 1765 40 0 
0.1111 2100 1724 40 1 
0.1749 2200 1684 40 0 
0,5696 2300 1645 39 0 
0.1339 2400 1606 39 0 
0,9212 2500 1567 39 0 
0,1712 2600 1529 38 0 
0,2411 2700 1491 38 0 
0.8217 2800 1453 38 0 
0.8240 2900 1415 38 0 
(Continued 
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Table 6,3. (Continued) 
Random Depth Energy Continuous Discontinuous 
f r a c t i o n (m.w.e,) (GeV) los s (GeV) loss (GeV) 
0*8214 3000 1378 37 0 
0*3937 3100 1342 36 . 0 
0.5910 3200 1306 36 0 
0.6567 3300 1270 36 0 
0.9415 3400 1235 35 0 
0.4414 3500 1200 35 0 
0*8093 3600 1165 35 0 
0.7279 3700 1130 35 0 
0.3262 3800 1096 34 0 
0*9635 3900 1062 34 0 
0.4029 4000 1028 34 0 
0,2963 4100 994 34 0 
0*0191 4200 672 33 289 
0,5317 4300 641 31 0 
0,9527 4400 610 31 0 
0,4216 4500 580 30 0 
0*3059 4600 550 30 0 
0.5908 4700 520 30 0 
0.7720 4800 491 29 0 
0.1987 4900 462 29 0 
0.7597 5000 433 29 0 
0.5891 5100 405 28 0 
0*3023 5200 377 28 0 
0*9716 5300 349 28 0 
0*7203 5400 321 28 0 
0.5359 5500 293 28 0 
0,6527 5600 266 27 0 
0*0738 5700 237 27 2 
0,0312 5800 179 27 31 
0*7703 . 5900 153 26 o" 
0*8685 6000 127 26 0 
(Continued 
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T a b l e 6.3. rnontimied^ 
Random 
fra c t i o n 
Depth 
(m.w.e.) 
Energy 
(GeV) 
Continuous 
loss (GeV) 
Discontinuous 
loss (GeV) 
0.3214 6100 102 25 0 
Oo 284:2 6200 77 25 0 
0.6464 6300 53 24 0 
0.0256 6400 19 24 10 
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The computer was programmed to store the necessary 
information from such a "case history" and to continue with 
the next p a r t i c l e automatically \ i n t i l 1,000 p a r t i c l e s of the 
same i n i t i a l energy had been studied. Groups of 1,000 p a r t i c l e s 
of each of a s e r i e s of i n i t i a l energies were put through u n t i l 
s u f f i c i e n t information was obtained to draw the survival 
probability curves. 
The ca l c u l a t i o n was carried out for both the case I and 
case I I forms of the energy loss and the resulting survival 
probability curves are given i n figures 6.1 and 6.2. 
6.3.3. S t a t i s t i c a l Errors on the Survival Probalbility Curves. 
The errors shown on the survival probability curves are 
the calculated s t a t i s t i c a l errors. These were found from 
simple theory which gives a r e l a t i o n 
SP = / P(l-P) 
J K 
where P i s the surv i v a l probability and N the t o t a l number of 
p a r t i c l e s used i n calcu l a t i n g that probability. A check on the 
analysis was afforded by taking 10 sample batches each of 100 
p a r t i c l e s a l l having the same i n i t i a l energy. At each of the 
s i x chosen depths the mean survival probability, based on 1,000 
p a r t i c l e s , was found. The deviations of the survival probabilities 
as given by batches of 100 p a r t i c l e s were plotted taking the 
standard deviation, as given by the above expression, as the 
unit. The resu l t i n g distributions were very close to Gaussian, 
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6.5.4. E r r o r s due to F i n i t e C e l l Width. 
I n the Monte Carlo c a l c u l a t i o n the energy l o s s of a 
p a r t i c l e i n the element of depth chosen was c a l c u l a t e d using 
the energy the p a r t i c l e had on e n t e r i n g the element. T h i s 
r e s u l t s i n an over-estimate of the energy l o s s s i n c e the 
p a r t i c l e has i n general a lower energy than t h i s throughout 
the element, and thus l o s e s energy at a lower r a t e . I n order 
to olatain an estimate of the e r r o r involved due to t h i s a 
numher of p a r t i c l e s were t r a c e d on the computer assiiming t h e i r 
energy l o s s was due to continuous l o s s e s only. The energy 
necessary to r e a c h each of the s i x chosen depths was thus 
found. These were then compared w i t h the range-energy r e l a t i o n s 
as ohtained "by numerical i n t e g r a t i o n of the energy l o s s equation. 
The comparison i s shown i n ta^ble 6.4. Since the discrepancy i s 
small and the e r r o r s i n v o l v e d appear hoth i n the numerator and 
denominator of the quotient R(d) with the same s i g n i t was 
considered to t e negligilDle. 
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TaMe 6.4. 
Depth (m.w.e.) Energy (GeV) Energy (GeV) 
Numerical Monte Carlo 
i n t e g r a t i o n method 
•b = 2.3 X 10"*" 
1000 266 275.5 
2000 620 
1 
637 
3000 1080 1101 
5000 2430 2434 
7500 5050 5280 
10000 10000 10380 
ID = 5.1 X 10~' 
1000 312 328 
2000 850 898 
3000 1740 1865 
5000 5800 6300 
7500 23500 24820 
10000 - 93300 
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6.4.. I n t e r p r e t a t i o n of R e s u l t s . 
6.4.1. Mean Range ohtained from S u r v i v a l Prolpa'bility Curves. 
An i l l u s t r a t i o n of the e f f e c t of f l u c t u a t i o n s can he 
ohtained immediately from the s u r v i v a l p r o h a h i l i t y curves hy 
comparing the mean range ohtained from these with the range 
ohtained from numerical i n t e g r a t i o n . F i g u r e s 6.3 and 6.4 show 
range s t r a g g l i n g curves ohtained from v e r t i c a l s e c t i o n s of the 
s u r v i v a l p r o h a h i l i t y curves. The mean range of a p a r t i c l e of 
given i n c i d e n t energy can he ohtained from these quite simply 
and the comparison hetween t h i s range and the numerically 
i n t e g r a t e d range i s shown i n f i g u r e 6.5, where i t i s seen that 
n e g l e c t i n g the e f f e c t of f l u c t u a t i o n s r e s u l t s i n an over-estimate 
i n the range of a muon, p a r t i c u l a r l y f o r the higher r a t e of 
energy l o s s . 
6.4.2. E v a l u a t i o n of R ( d ) . 
Using the s u r v i v a l p r o h a h i l i t y curves, the r a t i o 
R(d) = N(E)P(E)dE 
•^^.^ 
N(E) dE 
was c a l c u l a t e d g r a p h i c a l l y f o r a s e r i e s of s i x values of d. 
Two forms f o r the sea level-rauon d i f f e r e n t i a l spectrum were 
taken. The f i r s t was a spectrum of the form 
N(E) = AE'*dE 
T h i s was used so that a comparison could he made with the 
r e s u l t s of other workers. The comparison i s dis c u s s e d i n the 
next s e c t i o n . The second form taken was the h e s t estimate 
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and a l s o the i n t e n s i t i e s p r e d i c t e d assuming a l l energy l o s s to 
he continuous. The r e s u l t i n g values of R(d) ohtained were 0.91 
a t 3,000 ra.w.e., 1.07 a t 5,000 m.w.e. and 1.06 a t 7,500 m.w.e. 
The d i f f e r e n c e s hetween the i n t e n s i t i e s c a l c u l a t e d i n 
these two ways i s not considered to he s i g n i f i c a n t due to the 
l a r g e s t a t i s t i c a l e r r o r s . 
6.5.2. A n a l y t i c a l Treatments. 
I t would he very u s e f u l i f a n a l y t i c a l methods could he 
used to a r r i v e a t some mathematical form i n which the r a t i o 
R(d) i s expressed i n terms of spectrum and energy l o s s parameters. 
I n p r a c t i c e the prohlem i s one of some complexity and a l l 
p uhlished a n a l y t i c a l treatments to t h i s date have used a 
simple power law of the form 
N(E)dE = AE"' dE 
f o r the sea l e v e l muon spectrum. T h i s i s ohviously a very 
l a r g e r e s t r i c t i o n i n the a p p l i c a h i l i t y of such methods since 
i t i s known that the sea l e v e l spectrum has a value of if which 
v a r i e s w i t h energy. 
Mando and Sona (1953) used a method i n which they s e t up 
the d i f f u s i o n equation of rauons passing through rock. They 
ohtained an approximate s o l u t i o n hy assuming that the 
discontinuous l o s s e s a r e due to hremsstrahlung and form only 
a s m a l l f r a c t i o n of the c o l l i s i o n l o s s e s . The r e s u l t s are 
given i n the t a h l e , which shows the percentage c o r r e c t i o n 
to he made to the i n t e n s i t y p r e d i c t e d a t the p a r t i c u l a r 
depth when u s i n g the continuous energy l o s s approximation. 
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Tahle 6.5. Percentaft-e c o r r e c t i o n . 
Depth (m.w.e. ) y= 2.5 Jf= 3.0 ^f=:3.5 
800 -1.11 -0.33 +0.76 
1200 -1.85 -0.54 +1.37 
1600 -2.69 -0.79 +2.15 
. 2000 -3.66 -1.06 +3.19 
Z a t s e p i n and Mikhalchi (1962) have used a computer to 
solve the r e l e v a n t d i f f u s i o n equation, and t h e i r r e s u l t s f o r 
jr= 3 are shown compared w i t h those, of the present work i n 
f i g u r e 6.7. I t i s seen t h a t the r e s u l t s are not i n c o n s i s t e n t . 
Rozental and S t r e l t s o v (1959) have a l s o considered the 
problem "but t h e i r r e s u l t s appear to r e f e r not to t o t a l 
i n t e n s i t i e s hut to i n t e g r a l i n t e n s i t i e s ahove a c e r t a i n energy 
(*'1,000 G-eV) and so a comparison with other work i s not p o s s i b l e , 
6.5.5. RamanamurthY (1962). 
The problem was attempted i n r a t h e r a d i f f e r e n t way by 
this, worker. As i n other treatments, he assumed continuous 
l o s s e s to be due to c o l l i s i o n and pair-production, and 
discontinuous l o s s e s to be due to brerasstrahlung alone, f o r 
which he used the equation of Bethe and H e i t i e r . The equation 
was i n t e g r a t e d , obtaining the v a r i a t i o n of the p r o b a b i l i t y of 
a rauon l o s i n g a c e r t a i n f r a c t i o n of i t s energy i n passing 
through the element of depth, which was 450 m,w,e. i n t h i s case. 
The process of the c a l c u l a t i o n was as f o l l o w s : S t a r t i n g with 
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a rauon of energy E , the p r o h a h i l i t y d i s t r i h u t i o n was evaluated 
a t i n t e r v a l s of E/20. S u h t r a c t i o n of hremsstrahuLung and 
continuous l o s s e s gave the "spectrum" a f t e r one u n i t . The 
spectrum was divided i n t o i n t e r v a l s and the process repeated 
f o r the second element. I n t h i s way a s e r i e s of range 
d i s t r i h u t i o n s f o r rauons of unique i n c i d e n t energies was ohtained, 
and the s u r v i v a l p r o h a h i l i t y curves derived from them. 
The v a l u e s of R(d) ohtained are shown i n f i g u r e 6.8 i n 
which the r e c i p r o c a l of R(d) i s p l o t t e d against the slope of 
the i n t e g r a l sea l e v e l muon spectrum. 
Unfortunately, only one point on t h i s graph i s a v a i l a h l e 
f o r d i r e c t comparison w i t h other r e s u l t s ; t h i s i s shown as 
the s i n g l e point i n f i g u r e 6.7, Ramanamurthy's e f f e c t i v e value 
of h was 3.4 ( t h i s i s c o r r e c t e d f o r Z*/A as descrihed i n 
chapter 2) and i t can he seen from f i g u r e 6.7 that the r e s u l t i n g 
value of R(d) i s much lower than the value expected from the 
present work. The main reason f o r t h i s i s thought to he the 
f a c t t h a t the r a t i o of the f l u c t u a t i n g component of h (h ( f l u e ) ) 
to the continuous component ( h ( c o n t ) ) i s much lower i n 
Ramanaraurthy's case. The f i g u r e s are 
Tahle 6.6, 
Energy l o s s h ( f l u c ) h ( c o n t ) Ratio h ( f l u c ) / D ( c o n t ) 
Ramanamurthy 1.91 1.48 1.29 
Present work: 
Case I 1.55 0.75 2.07 
Case I I 3,5 1.6 2.19 
T h i s point i s duscussed f u r t h e r i n chapter 7. 
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Chapter 7. D e r i v a t i o n of Experimental Energy Loss R e l a t i o n . 
7.1. Comparison of P r e d i c t e d and Observed Depth-Intensity R e l a t i o n s . 
The range-energy r e l a t i o n s f o r the two cases of energy l o s s 
have been de r i v e d i n chapter 4. Using the spectrum described i n 
chapters 3 and 4 the p r e d i c t e d d e p t h - i n t e n s i t y curves have been 
c a l c u l a t e d and compared w i t h the b e s t estimate of the experimental 
d e p t h - i n t e n s i t y curve d e s c r i b e d i n chapter 2. The r e s u l t s are 
shown i n f i g u r e 7.1 where the ordinate Ip/I« i s the r a t i o of 
p r e d i c t e d and observed i n t e n s i t i e s . The c h a i n l i n e s represent 
the r e s u l t s obtained when the c o r r e c t i o n f o r f l u c t u a t i o n s i s 
a p p l i e d . Also shown i n the f i g u r e are the r a t i o s corresponding 
to the confidence l i m i t s on the observed de p t h - i n t e n s i t y r e l a t i o n . 
7.2. D e r i v a t i o n of the Energy Loss Parameter b. 
D e r i v a t i o n of the energy l o s s parameter b by d i r e c t 
comparison of the measured sea l e v e l spectrum and underground 
i n t e n s i t y i s not u s e f u l i n that the r e s u l t can not be compared 
with the t h e o r e t i c a l v a l u e , A value of b has been c a l c u l a t e d 
from the experimental r e s u l t s such that the e f f e c t of 
f l u c t u a t i o n s i s included. T h i s has been accomplished by an i t e r a t i v e 
method, i n which the value of b i s p r o g r e s s i v e l y c o r r e c t e d u n t i l 
acceptable agreement i s obtained between observed and c o r r e c t e d 
p r e d i c t e d underground i n t e n s i t y . T h i s has been c a r r i e d out at 
a s e r i e s of depths and the r e s u l t s f o r b are shown i n f i g u r e 7.2, 
The a b s c i s s a has been converted from u n i t s of depth to u n i t s 
of energy, the values being p l o t t e d a t the energy given by the 
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range energy r e l a t i o n f o r the appropriate value of h. The 
confidence l i m i t s (shown dashed) correspond to the confidence 
l i m i t s on the h e s t estimate of the depth i n t e n s i t y curve. Also 
i n c l u d e d i n the diagram i s the r e s u l t i n g v a r i a t i o n of h when 
the e f f e c t of f l u c t u a t i o n s i s neglected, and l a s t l y the he s t 
t h e o r e t i c a l estimate of h. The value of h ohtained i s 
(3.55 i 0.25) X lO'V'cm*. 
T h i s can not he d i r e c t l y compared w i t h the t h e o r e t i c a l 
value s i n c e the d i v i s i o n hetween the f l u c t u a t i n g and continuous 
components i s d i f f e r e n t i n each case, and i t i s known that R ( d ) , 
and thus the de r i v e d experimental value of h, i s dependent on 
the r a t i o h ( f l u c ) / b ( c o n t . T h i s r a t i o , as can he seen from 
t a h l e 6.6, has an average value of 2.13 f o r the two t r i a l values 
of h, and so a l s o f o r the derived value of h = 3.55., For the 
t h e o r e t i c a l value, however, the r a t i o has a value 1.5. Figure 
7.3 shows the approximate v a r i a t i o n of the derived value of h 
wit h h ( f l u c ) / b ( c o n t ) . The c i r c l e d p o i n t s have heen ohtained 
from f i g u r e 7.2; the adopted value i s the squared point. The 
r e s u l t i s h = (3.15 ± 0.3) x lo''g~'cm', 
7.5. Conclusions. 
7.3.1. The E f f e c t of F l u c t u a t i o n s , 
I t can he seen from f i g u r e s 6,7, 7.1 and 7,2 that the e f f e c t 
of f l u c t u a t i o n s i s a f a c t o r which must he taken i n t o account i n 
the a n a l y s i s of underground data. The e f f e c t hecomes no t i c a h l e 
a t about 1500 m.w.e, and hecomes correspondingly l a r g e r with 
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increasing depth. Of the attempts which have been made to 
determine the magnitude of the e f f e c t , i t i s thought that 
the present calculations have.provided the most r e l i a b l e 
r e s u l t s to date. However, due to the l i m i t i n g assumptions 
which have laeen made, i t i s f e l t that further work on the 
suhject would not "be misplaced. 
One of the approximations made i s to represent the cross 
sections f o r the processes of hremsstrahlung and nuclear 
i n t e r a c t i o n "by the s i m p l i f i e d forms. The result i s to 
overestimate the amount of energy l o s t i n f r a c t i o n a l transfers 
of the order of unity i . e . to increase the effect of fluctuations. 
However, since the amount of energy l o s t i n t h i s way does not 
represent a large f r a c t i o n of the t o t a l (the majority heing 
l o s t i n f r a c t i o n a l transfers of alaout 0.8) i t i s considered 
that the r e s u l t i n g overestimate i n the ef f e c t i s only a few 
per cent. 
. A rather more important assumption i s the one concerning 
the r a t i o •b(fluc)/b(cont )o I n the case of the present calculation 
t h i s r a t i o was approximately tv/o i n iDoth the cases of energy 
loss considered, whereas theory predicts a rather lower value. 
Vi/hile i t i s possihle to made approximate corrections f o r t h i s 
discrepancy, i t i s considered that further work on the va r i a t i o n 
of R(d) w i t h l)(fluc)A'(cont) i s required. 
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7»5. .8 . The Energy Loss Parameter. 
I t appears from f i g u r e 7.2 that at high energies there i s 
poor agreement "between the experimental and theoretical results. 
While some uncertainty does e x i s t , both i n the theoretical value 
of the energy loss and i n the depth-intensity curve, i t i s 
considered most l i k e l y that the discrepancy originates i n the 
sea l e v e l spectrum. The high energy region of the composite 
spectrum derived i n chapter 4 uses the results of Duthie et a l . 
which are of i n d i r e c t derivation and assume that pions are the 
sole source of sea l e v e l muons. I t i s therefore concluded that 
a c o n t r i l 3 u t i o n from kaons may "be ef f e c t i v e at these energies. 
I f i t i s assumed that the discrepancy l i e s solely i n the 
sea l e v e l spectrum, the spectrum necessary to give agreement 
with the th e o r e t i c a l v a r i a t i o n of h, the derived depth-intensity 
curve and the ef f e c t of f l u c t u a t i o n s , can TDC calculated. The 
results are given i n table 7o l» The increase over the derived 
spectrtun of chapter 4 varies from zero at 500 GeV up to 200^ at 
10,000 GeV.. The kA r a t i o necessary to account f o r the figures 
of table 7ol has been calculated by Osborne and Wolfendale (1963), 
and found to be of the order of 209S. Such a result i s i n 
agreement w i t h other determinations of the k/i\ r a t i o from 
measurements on high energy Jets i n emulsions. 
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Table 7.1, 
Energy (GeV) Intensity ( cm"* sec"' St"') 
10 7.13 X 10-*^  
15 3.91 X 10"* 
20 2.45 X 10"* 
30 1.21 X lo-'^  
50 4.54 X 10-^ 
70 2.31 X 10"^ 
100 I0.O8 X 10'^ 
150 4.50 X 10-*" 
200 2,40 X 10-" 
300 9.50 X 10-"^  
500 2.70 X 10-
700 1.16 X 10-
1000 4.60 X 10-* 
1500 1.57 X 10"* 
2000 7.20 X 10-9 
3000 2.41 X lO"* 
5000 5.10 X 10-'° 
7000 1.58 X lo-'" 
10000 4.35 X 10-' 
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Appendix. 
The the o r e t i c a l p r o h a h i l i t i e s f o r energy transfer f o r the 
various energy loss processes refer to an ahsorher thickness of 
1 g cm'*. The Monte Carlo calculation used an element thickness 
of 100 ra.w.e. ( i . e . 10*^  g cm"*), and assumed that the individual 
p r o b a b i l i t y d i s t r i b u t i o n s f o r the sub-element thickness of 
1 g cm"*" could be simply summed to give the probability d i s t r i b u t i o n 
of energy loss f o r an element of 100 m.w.e. 
In order to obtain an estimate of the error due to t h i s 
assximption, l e t Vm be the mean f r a c t i o n a l energy loss i n each 
sub-element. On the assumption, the f r a c t i o n l o s t i n each sub-
element i s referred to the energy on entering the element, so 
the f r a c t i o n a l loss i n each sub-element w i l l be Vm and thus 
the f r a c t i o n l o s t a f t e r n sub-elements w i l l benv«. 
The correct method would be to calculate the energy loss 
from the energy of the p a r t i c l e on entering the sub-element. 
I n t h i s case the f r a c t i o n l o s t a f t e r n sub-elements w i l l be 
l_(l_v«)'*. I f the assumption i s accurate, 
R = nv„ 
— (1-v^)'^ ^ ^ 
A p r o b a b i l i t y d i s t r i b u t i o n of the form 
P(v)dv = b dv g' cm*-
v 
has been ass\imed. I f the lower l i m i t to v i s taken to be some 
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very small f r a c t i o n £ , then the mean f r a c t i o n a l transfer i s 
(v.b dv 
V = Jc V 
I •b dv 
since ^ i s small. The quantity of i n t e r e s t , R, i s then given 
to a good approximation by 
R = 1/ [ l 4 ( n - l ) b ] 
The largest error which can occiir i s i n the case of the 
larger (case I I ) energy loss, where b = 3.5 x 10'* g'cm*. 
With n = 10*- t h i s gives 
R = 1/1.018 
i.e. a maximum error of 1,8^ i n the calculation of the energy 
loss i n the element of 100 m.w.e. 
I t i s i n t e r e s t i n g to note that the calculation of Ramanamurthy, 
with b = 2.2 X 10'* and n = 4.5 x lo'*' , gives a corresponding 
error of 5%. 
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